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1. q���} X ,Y _X�a,�P�, �)P�{X o 〈·, ·〉, P:iZb�! ‖ · ‖. ,w�#.3 A : X → Y, 
;� (proper closed) QJ! h : X → ℜ P p : X → (−∞,+∞], !>�o
c ∈ X , �eL�}�i�TQS`iD:

min
x∈X

{
h(Ax) − 〈c, x〉+ p(x)

}
. (1.1)e�� h K;_<\3�J!, QZ�n!>"To7; p K;_�<\
xJ!, QZZb:S"i� #�, ds�#�3	#�m�#k.aB, V℄!>0sx�i.*, Y!>�\�k�OOi!>�p�~[Zq�iH~. _qM�Y9�oCu%a!>iD[ZiH~, �� (1.1) �>�iMQ℄Oz!>�p�m?/w��M_S
M`k��. ed, _qM`%a�#eA��, B%eA
4i.U#_�Æ#, Tibshirani u [55] �L�qd} Lasso ��C9hgs�eA"

min
x∈ℜn

{
1

2
‖Ax− b‖2 + λ1‖x‖1

}
,
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386 | 0 # 1 2020 ';�;� A ∈ ℜm×n P�o b ∈ ℜm _,w!>, λ1 > 0 _,w2!. �W�iDÆ��
(1.1) i?)?e, ?"i, �iD�M℄u (1.1) �O X = ℜn, Y = ℜm, h(x) = 1

2‖x − b‖2,
c = 0, p(x) = λ1‖x‖1. 1Y, _/Li"TMQ�!>J�i;:?� 5,d 5`s�#�?�#�=s#k, 46[guzq/�i
x`J!, BJqd Fused Lasso [56], Clustered

Lasso [51], OSCAR [6], Sparse Group Lasso [62] P Elastic Net [67] k� �TQS`iD. |Z, �� (1.1) <�>�MQ℄;�S` (matrix optimization) �, eda X OA;�P�, pOA;�O�! (nuclear norm) ‖ · ‖∗ �, (1.1)8�AqS
_�MM`{a�d>�9*im�;�S`iD [2]. ;:/�i9℄�TQ;�S`iDOC2Æ [10, 12, 13].��MQrLqS`{a#�46[g_�� (1.1) j�:i+ k� �uzI�+ %�.
. �b, k�=?)	:i7 . ��, u?��u}, ~!i?�.
dw0A}.
 (proximal gradient method) [3], �,w0A}.
 (accelerated proximal gradient

method) [1, 42], ?�.3�t�
 (operator splitting method) [7] Cu�G��B3
 (alter-

nating direction method of multipliers method) [19, 20] {OCQZM"iD (1.1) j�:ik�� . W�?�.
K;�k,}��, uV�Y?�iDl!�!�7C[G. KP, V�46[gI�L�<6
Q	��tZuz.
M"iD (1.1),dw0*�.
 (proximal

Newton method) [25, 63],
x*�.
 (regularized Newton method) [59], Cu�e�:'pik℄�-�<\*�iw0q.
 (dual semismooth Newton based proximal point algorithm,

PPDNA) [29, 30, 34, 38, 65]. �℄�8?�
x#I�i�V`iD,w0*�.
_
x*�.
i!�!��L, K;OChg�l�?�.
�o/Li0(:S". M�, w0*�.
i!�b_;7sui3iDM"���F�9. ��e%:9*i PPDNA x(%:�Zi�V`�u. �.
iO�&
u℄3{n��TQS`iDi r�<\ 5.!�p, $KF
Q�� 5uz$M"I�!�Li�?
w�<\*��#yO. ��l, �Xe��Yo9℄ PPDNA i!��7!�, �℄V�W�Y?��TQS`iD, m�Æ2�m3}bÆ%3}0(", �.
i��{j=BeBdi~!?�.
. �?!�_w0*�P
x*�.
i!�!��W(M, �n .
i��K;�Xu2M%3}"i�X.!=n?�.
.�e�:'pi PPDNA %:�In5v\.
. ;�, Z5.
_w0q.
 (proxi-

mal point algorithm, PPA),  5k℄�-e` (duality theory) �Q�<\*�.
 (semis-

mooth Newton method) M" PPA �i3iD. P.
U�uzz$Zi℄�
w?^
(semidefinite programming) {aie�, d [28, 60, 64]. ?"i, k�.>�TQS`iD�-iDi?�_ PPA uzqEz.i0(.x$gdq:iS9�k#. |Z, k℄�hi3g# (calmness) �u, k���qZ5 PPA AX�0=�#�k,}. � 9,S,�k#�Æ PPDNA hg!�A2ik���. M�, KF
Q PPA 3iDi�-iD� J!<\, CQkX
#�, ?℄%�i�<\*�.
�QZ%�M" PPA 3iD. |Z, �℄���-iDi� J!, k�bxf<6_XE:�i>H Hessian ;��V�<\
xJ! p 7Zbi?� 5, $
Q�� 5pY�nM"*��#yO7%0>o. Se� [29,30,34,38,65]�Yo9℄ PPDNA i!��7OC:6d,�V�Y?��TQS`iD, PPDNA ��<\*�.
�*v\i0>o_aB~!?�.
�*v\0>o�a,{�/n. �?!�!�_9℄	�.
iOO:q (w	�.
K;�*v\0>o�Y)��. PPDNA Og�?.|i!:eK�?w_�eiD7rIi�<\	��tixf<6_
Q. KP, k�__V p 7[Zi�<\	��tÆ%�gwM"Y?�W��T



4 : �)y: �URTajT-x1r0Æ 387QS`iD (1.1) i9�, �BZK PPDNA U�OC�_[�i
Q�?�t. PPDNA iA2$�	��t, U;Æ�<\	��t, OC$GM��3En
QdY?�S`iDM".
iuz_I��Q.�e�'pdR_Y?��TQS`iD (1.1)uz�Tiw0q.
, $'pdRk℄�-e`
Q�<\*�.
M"w0q.
i3iD, :Y'pdRXE$
Q�<\	��t�,w0q.
.

2. �D�w_q/Li|	�=�k�i.
, k�u��'p?��:i
�Æ�, �X��sTOr (set-valued mapping) i}oR
x# (metrically subregularity) Cuw0q.
.� X l,wiz>�� (extended-real valued) 
;�QJ! p : X → (−∞,+∞], k�wH�J!i Moreau-Yosida 
xJ!_
ψp(x) := min

y∈X

{
p(y) +

1

2
‖y − x‖2

}
, x ∈ X ,;9hiw0.3_

Proxp(x) := argmin
y∈X

{
p(y) +

1

2
‖y − x‖2

}
, x ∈ X .k�V [47, Theorem 31.5] OÆ ψp Æ?)i+O℄iQJ!, Proxp Æ?) Lipschitz ;!_

1 iS9 Lipschitz i+J!, $GX
∇ψp(x) = x− Proxp(x), ∀x ∈ X . (2.1)�ebfQdd}9℄Moreau-Yosida
xJ!i&�k� (Moreau’s identities [47, Theorem 31.5]):�℄℄Gi x ∈ X ,





Proxp(x) + Proxp∗(x) = x,

min
y∈X

{
p(y) +

1

2
‖y − x‖2

}
+min

z∈X

{
p∗(z) +

1

2
‖z − x‖2

}
=

1

2
‖x‖2,

(2.2)�b p∗ Æ p i Fenchel 4A (Fenchel’s conjugate) J! [47, Section 12].} G : X ⇉ Y _?sTOr, wH G iS_ gphG := {(u, v) ∈ X × Y | v ∈ G(u)} Cu G i$Or G−1(v) = {u ∈ X | v ∈ G(u)}, v ∈ Y. �℄℄,i u ∈ X P ρ > 0, k�}
Bρ(u) := {s ∈ X | ‖s−u‖ ≤ ρ}. }�9℄ G i}o
x#iwHOCu [14, Section 3.8(3H)]�d.L� 1. sTOr G : X ⇉ Y u ū 9℄ v̄ ÆR}o
xi, dD (ū, v̄) ∈ gphG, $GVu
;! δ, ε, κ > 0 �g

dist(u,G−1(v̄)) ≤ κ dist(v̄, G(u) ∩ Bδ(v̄)), ∀u ∈ Bε(ū).�b;! κ �?_R}o
x�.V [14, Theorem 3H.3], k�Æf�℄℄RisTOr G : X ⇉ Y P G Sliq (ū, v̄) ∈
gphG,Or Gu ūq9℄ v̄ ÆR}o
xiaG,aOr G−1 u v̄ 9℄ ūÆ3gi (calm),
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;! δ′, ε′, κ′ > 0 �g
G−1(v) ∩ Bδ′(ū) ⊆ G−1(v̄) + κ′‖v − v̄‖BX , ∀ v ∈ Bε′(v̄). (2.3)�b BX Æ X �i^
L.sTOriR}o
x#P3g#Æ�\���p`��!:i"(, 46[gS�X�<\�p_Zz#�pk� �}�:�.!Yoi46. $�Pi|�OCS DontchevP Rockafellar i� [14] �q"9℄��"(/�/S�i46. asTOriR}o
x#P3g#_S`iDhy=Z�, k�OC
Q��I��pV�Æ�.
, dw0A}.
 [37, 58], w0q.
 [26, 33, 39, 48] Cu>H*�.
 [15, 16, 41] i�k,}. �e%:i.
U�_w0q.
, }�k�=?�	:'p.,w X lipY^t.3 T : X ⇉ X , w0q.
 (PPA) �QZM" z ∈ X �gd}�I9yAf

0 ∈ T (z). (2.4),w
�^t!s {σk} �g σk ↑ σ∞ ≤ ∞1) PI�q z0 ∈ X , PPA o k + 1 *iv\3�OC�A:

zk+1 ≈ Pk(z
k) := (I + σkT )

−1(zk), ∀ k ≥ 0, (2.5)�b I _ X �i^
.3. u [48] �, _q�� PPA iS9�k, Rockafellar BJ�Qd}0(.xZz. zk+1, w Pk(z
k) i0(�:

(A) ‖Pk(z
k)− zk+1‖ ≤ εk, εk ≥ 0,

∑∞
k=1 εk <∞,

(B) ‖Pk(z
k)− zk+1‖ ≤ ηk‖zk+1 − zk‖, 0 ≤ ηk < 1,

∑∞
k=1 ηk <∞.2{:6OC��, l�i0(.xu�~z.�m
���Q, K_ Pk(z

k) ?�JV}m
�3Uz.. KPu PPA i�~�Q�, ?)!:iiDw_uzE℄z.i0(.x.�e�uY�i���=�dRuM"�� (1.1) �_ PPA uz�Tz.i0(.x. }�k���,J PPA iS9�k D. � Du;��OCue� [48] ��d.l~ 1. �usT T−1(0) �P. } {zk} _ PPA (2.5) �!0(.x (A) 78|imKqs. �	*s {zk} �kdiD (2.4) i�?)".}�, k�=� PPA i9,�k,}. u Rockafellar i4s0> [48] �, 9��qaOr T−1 9℄eqÆ Lipschitz i+�, *s {zk} X�0=�#�k,}. �bk�$sTOr Γ : X ⇉ Y Æ9℄�q ū ∈ X Æ Lipschitz i+i, dD Γ(ū) = {v̄} GVu
;! κ, ε �g
‖v − v̄‖ ≤ κ‖u− ū‖, ∀ v ∈ Γ(u), ∀ u ∈ Bε(ū).KP, V T−1 9℄eqÆ Lipschitzi+i, k�OCUJ T−1(0) Æ?)^qs, wiD (2.4)X^?". �?^?#�uuV�JV}{�gJ;3(, KP� �m
�MQd/�i�~iD�Q. Luque u [39] ��*ql�iI�, 9*Fql�BdisTOr T−1 i

Lipschitz i+#i�u, $46q PPA i9,�k,}. AFZ$, u�k,}�p�, 9
Qd}�u\Gq Lipschitz i+�u: Vu
;! ε, κ �g
dist (z, T−1(0)) ≤ κ‖u‖, ∀ z ∈ T−1(u), ∀ u ∈ Bε(0).

1) 
�m, eE-&
� PPA j�l$, l�)&;�v σk j_u$, ��&;V� σk j~%Z^ 0.



4 : �)y: �URTajT-x1r0Æ 389�W�I�h℄ T−1 ueqMX Lipschitz i+#iI�. ��l, �)I�w_ Robionsonu [45] �BJi T−1 ueqÆ9,l Lipschitz i+iI�. 9℄PI�, ue� [46] �,

Robionsongdq9℄��F��Or (polyhedral multifunction) i?)!:w`, w℄Gi��F��Or7Æ9,l Lipschitz i+i. |Z, Sun u;&
�e [53] �gdi!: D�?!�?)
;�QJ!Æ�2�#	Ri (piecewise linear-quadratic), aG,a:iRA}Or (subgradient mapping) Æ?)��F��Or. VP, k�ÆfB�Bdi LassoiDCu Fused LassoiDi� J!iRA}OrÆ9,l Lipschitzi+i.aW, �℄;:V����Fi��Or,dV��T;�S`iD� J!iRA} [10–12, 12, 27, 28], 9,l Lipschitz i+I�AW;F9�. KP, �eL��QB�Bdi3gI� (2.3) ZG\9,l Lipschitz i+I�. �W, V3g#iwH (2.3), k�(�KJ3g#I�h℄9,l Lipschitz i+I�. ��l, Cui et al. u [10] �i46!��℄VY?℄;�S`iD,� J!RA}Ori3g#ÆOCu?��hi�u}��i.}�, k�,J PPA u3g#I�}i9,�0=�#�ki D. � DOCKAÆ [48, Theorem 2] P [39, Theorem 2.1] iU>. M�, k�*Gdu PPA i3iD�3UM"iJV} (w zk+1 = Pk(z
k), ∀ k ≥ 0) ℄(i �B4u [26] �=�F. �) Du;��OCue� [11, Proposition 1] M�d.l~ 2. �u T−1(0) �P, } {zk} _ PPA (2.5) �!0(.x (A) Cu (B) 78|imKqs. �	*s {zk} �kd z∞ ∈ T−1(0), wiD (2.4) i�?)". M�, dD T−1 ueq9℄ z∞ Æ3giG�_ κ, �	Vu k̄ ≥ 0 �g�℄℄Gi k ≥ k̄,

dist (zk+1, T−1(0)) ≤ µk dist (z
k, T−1(0)),;� µk :=

[
ηk+(ηk+1)κ/

√
κ2 + σ2

k

]
/(1−ηk) → µ∞ := κ/

√
κ2 + σ2

∞ (µ∞ = 0 if σ∞ = +∞).� 1. 0%Z, �i46!�_gd PPA i�0=�#�k,}, sTOr T−1 i3g#�ubOC.?*�*_d}i
x#I�: �℄℄Gi
! r > 0, Vu κ > 0 �g,

dist(x, T−1(0)) ≤ κ dist(0, T (x)) ∀x ∈ X �8 dist(x, T−1(0)) ≤ r. (2.6)e� [32, 65] L�qI� (2.6), $��qI� (2.6) h℄ T−1 ueqM3g�?I�, M�u�I�}��q PPA X�0=�#i�k,}. ?"i, [32] b46q?℄
M` PPA i�k#�.>_?)	^iMQ, PPA OCQZM"S`iDd
min
x∈X

g(x),�b g : X → (−∞,+∞] _℄?,wi
;�QJ!. �iDi:S#I�OC�_ 0 ∈
∂g(x). V [47, Corollary 31.5.2],k�ÆfRA}Or ∂gÆpY^t.3, KP PPAOCQZM"�?:S#�IyO$�Jd}iv\3�: ,w
�^t!s {σk} uI�q x0 ∈ X ,�℄℄Gi k ≥ 0,

xk+1 ≈ (I + σk∂g)
−1(xk) = argmin

x∈X

{
g(x) +

1

2σk
‖x− xk‖2

}
= Proxσkg(x

k). (2.7);�o?)k�VPMS`iDi:S#I�gd, o	)k�Vw0.3iwHgd. �W, v\3� (2.7) i�k#�OCV�D 1 P 2 gd. uS`{a, PPA bXV�;:iM



390 | 0 # 1 2020 'Q���d� PPAMQd�-� J!iRA}Or, k�fgd&�iz> Lagrangian.
 (augmented Lagrangian method). $�Pi|�OC2Æ Rockafellar i4se� [48, 49].

3. PPA s
�� (1.1)��k�L�
Ql�=�i PPA ZM"iD (1.1). u��AF.
�B, _	`=�, k��3�J! h =d}�u:_u 1.

1. h : Y → ℜ Æi+O℄J!GVu αh > 0 �gA} ∇h �8
‖∇h(y′)−∇h(y)‖ ≤ (1/αh)‖y′ − y‖, ∀ y′, y ∈ Y;

2. h Æ��9,CQ (essentially locally strongly convex) J! [22], w�℄℄G,wi+Qs K ∈ Y, Vu
! βK > 0 �g�℄℄Gi λ ∈ [0, 1],

(1− λ)h(y′) + λh(y) ≥ h((1− λ)y′ + λy) +
1

2
βKλ(1 − λ)‖y′ − y‖2, ∀ y′, y ∈ K.*Gd�u 1 Æ46�TQS`iD�e��;Æi�u, ed�#eA_�reA���i3�J! h {�8l�i�u, KPk�i�u�w#$(C. ��l, k�Y�7uzi.
$([SA\℄�u 1. a��u(Af�, d h _�<\3�J!�, �%n'!z�e7B.
wOM`�JV. $�Pi|�OC2Æ [35,54]. �b, _q	`=�$�E�eiO|#_+*#, k��u�u 1 }=�.
iuz. u�u 1 I�}, k��� h∗, wJ! h i4AJ!, X?�?"i#�. k����#�7 u}�i�D�. ��Di��OCS [50, Proposition 12.60] P [22, Corollary 4.4] gd.l~ 3. u�u 1 Af, }s �Af

1. h∗ ÆCQ (strongly convex) J!G;CQy! (modulus) _ αh;

2. h∗ Æ��O℄i (essentially differentiable [22])1) , wIs C = int(domh∗) �P, h∗ uIs C lO℄G�℄ C ��k*s {yk}, dD {yk} �kd C i�?�$q y �	
limk→∞ ‖∇h∗(yk)‖ = +∞;

3. ∇h∗ Æ9, Lipschtiz i+i.u��.�0>ikLl,}�k�,JS,%�i PPAU�ZM"iD (1.1). AFZ$,w
�^t!s {σk} uI�q x0 ∈ X , k�L�d}iv\*$
xk+1 ≈ Pk(x

k) := argmin
x∈X

{
fk(x) := h(Ax) − 〈c, x〉+ p(x) +

1

2σk
‖x− xk‖2

}
, ∀ k ≥ 0.

(3.1)�bk�0Q PPA i?)!:eKÆd�D 1 P 2 7	, u�hi�uI�}, �.
XVLiS9�k#_9,�0=�#�k#�.k�*Gd PPA7|	JZi`��k#�jL℄;:�Q℄M"iD (1.1) i~!i?�.
dw0A}.
��,w0A}.
_�
1) Q#)v [47, Section 26] =�`��=℄ (essentially smooth).
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k. M�, (��� PPA i��OC$[S�3iD (3.1) iM"��7Gw. KP, k�%:XE
Q��3iDi?� 5, uz%�i3iDM".
. }�, �e�9�? k℄�-e`i%�.
ZM" PPA 7bdi3iD. ?"i, k��KFM"3iD (3.1) i�-iDZhO3iD (3.1) 5wi%�o0(". �e0O�-�~XC}nqeK: (1) uV�%am?_Oz/wiD�, k�K;X n = dim(X ) ≫ m = dim(Y),w?�!ojY℄9�!o. KP, �-iD�oia! m j�℄eiD (3.1) �oia!
n, /X
℄.
iuz_I�; (2) V�D 3 � h∗ i#�, k�OCUJ�-iDi<\#_CQ#, w�-iD`�#��L. ��l, ��`�#�bX
℄k�_ PPA uzEz.i0(.xZ\G.x (A) P (B).

3.1. No{Rrb��~ (3.1)����,JM"3iD (3.1) i�-.
$,J���� (1.1) i?� PPA Cu;�k D. k���,J3iD (3.1) i�-iD. V℄�3iD��Aqml�S`iDi �1) , Ub�-iDi;Q�
(!V��iM`�℄iD. �bk�0Q [50, Section 11.H]�Bdik℄Zz#�p (perturbation analysis) iU��J�-iD. _P, k�wHd}ZzJ!
f̃(x, u, η;σ) = h(Ax + u)− 〈c, x〉+ p(x) +

1

2σ
‖x− η‖2, (x, u, η, σ) ∈ X × Y × X ×R.*Gd f̃ 9℄�o x, u ÆhTQJ! (jointly convex). |Z, iD (3.1) k�℄ minx∈X f̃ (x,

0, xk; σk).KF
Q,��- (partial dualization) ix�, k�OC�Jd} Lagrangian J! l:

l(x, ξ, η;σ) = inf
u∈Y

{
f̃(x, u, η;σ)− 〈u, ξ〉

}
= −h∗(ξ) + p(x)− 〈c−A∗ξ, x〉 + 1

2σ
‖x− η‖2,�7X (x, ξ, η, σ) ∈ X ×Y ×X ×ℜ. .>�?J!, k��uOC�JiD (3.1) d} �i�-iD:

min
ξ∈Y

Ψk(ξ, x
k), (3.2)�b

Ψk(ξ, x
k) := − inf

x∈X
l(x, ξ, xk;σk) = h∗(ξ) − inf

x∈X

{
p(x) + 〈A∗ξ − c, x〉 + 1

2σk
‖x− xk‖2

}

= h∗(ξ) + inf
s∈X

{
p∗(s)− 〈xk, A∗ξ + s− c〉+ σk

2
‖A∗ξ + s− c‖2

}
, ∀ ξ ∈ Y.

(3.3);� h∗ P p∗ �"Æ h and p i Fenchel 4AJ!, oj)k�V Moreauk� (2.2) gZ. M�, V�D 3 � h∗ i#�Cu (2.1) OÆ, Ψk(ξ, x
k) 9℄ ξ Æ?)CQJ!$GÆ��O℄iGX

∇Ψk(ξ, x
k) = ∇h∗(ξ)−AProxσkp(x

k − σk(A∗ξ − c)), ∀ ξ ∈ int(domh∗). (3.4)

1) 
�m, W^�=℄K# p jWv, ��m (3.1) 
��*m TajE.
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inf
ξ∈Y

Ψk(ξ, x
k) = inf

ξ∈Y

(
− inf

x∈X
l(x, ξ, xk;σk)

)
= inf

ξ∈Y
sup
x∈X

−l(x, ξ, xk;σk)

≥ sup
x∈X

inf
ξ∈Y

−l(x, ξ, xk;σk) = sup
x∈X

−fk(x).
(3.5)M�, V [47, Theorem 37.3] OÆ�b infξ∈Y P supx∈X ÆO�di, KP (3.5) �(k�OC�Ak�, wgdd}C�- (strong duality)  D:

inf
ξ∈Y

Ψk(ξ, x
k) = sup

x∈X
−fk(x). (3.6)V℄ Ψk(ξ, x

k) 9℄ ξ Æ?)CQ��O℄J!, k�ÆfiD (3.2) X^?"}_ ξ̂k G
ξ̂k ∈ int(domh∗). } x̂k = Proxσkp

(
xk − σk(A∗ξ̂k − c)

)
, V (3.4) OÆ,

Ax̂k = ∇h∗(ξ̂k). (3.7)
Q (3.7) P [47, Theorem 23.5], k�Æf
h∗(ξ̂k) + h(Ax̂k) = 〈Ax̂k, ξ̂k〉.?*, VC�- D (3.6), X

inf
ξ∈Y

Ψk(ξ, x
k) = Ψk(ξ̂

k, xk) = h∗(ξ̂k)− p(x̂k)− 〈A∗ξ̂k − c, x̂k〉 − 1

2σk
‖x̂k − xk‖2

= − h(Ax̂k)− p(x̂k) + 〈c, x̂k〉
= − fk(x̂

k) = sup
x∈X

−fk(x).

(3.8)Vl�,k�OÆV ξ̂k 7gdi x̂k ÆeiD (3.1)i:S",w Pk(x
k) = x̂k = Proxσkp

(
xk −

σk(A∗ξ̂k − c)
)
. �9, k�8O�eiD (3.1) iM",d_�-iD (3.3) iM". *GdiD (3.2) i:S" ξ̂k ?�
X��" (closed form solution), KPk�%:
Qv\.
Qgd ξ̂k i0("}_ ξk+1. �9?Z, KFl�=�i�-�~7gdi xk+1 =

Proxσkp

(
xk − σk(A∗ξk+1 − c)

) <Æ Pk(x
k) i?)0(".l�i=�>�k��Jk℄�-�~���� (1.1) ?"uzi PPA U�.{R 1 : ℄�OpxMJ PPA s
 (1.1)yt x0, σ0, {ǫk}, {δk}, σ∞ ≤ ∞. � k = 0, 1, . . . , v\

1: 0(M"iD (3.2)

ξk+1 ≈ argmin
ξ∈Y

{
Ψk(ξ, x

k)
}
.

2: z. xk+1 = Proxσkp

(
xk − σk(A∗ξk+1 − c)

)
.

3: /� σk+1 ↑ σ∞._q��.
 3.1 Sni�k#�, d
�Æ���=�i?9, k�%:��v\FC� xk+1 _ Pk(x
k) 86M0, w��0(.x (A) P (B) Af. �bk�k℄J! Ψk i<
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z.i0(.x (A) P (B). }�iL`!�, �-�~z. Pk(x
k) �8|io7OC�0(M"�-iD (3.2) [Zio7R�).�h 1. ,w xk ∈ ℜn P σk > 0, }�i3�Af

‖Proxσkp(x̃
k(ξ)) − Pk(x

k)‖2 ≤ 2σk
(
Ψk(ξ, x

k)− inf
ξ∈Y

Ψk(ξ, x
k)
)
, ∀ ξ ∈ Y,�b x̃k(ξ) = Proxσkp

(
xk − σk(A∗ξ − c)

)
.�k. V Ψk iwH (3.3) P (2.1) OC:6d, >_ η iJ!, Ψk O℄GA}_

∇ηΨk(ξ, x
k) =

1

σk

(
x̃k(ξ)− xk

)
, ∀ ξ ∈ Y.$G, (���J! Ψk 9℄ ξ _QJ!, 9℄ η _�J!. KP, k�OC�℄Gi w ∈ Xgdd}(k�

Ψk(ξ, x
k) + 〈w − xk, ∇ηΨ(ξ, xk)〉 ≥ Ψk(ξ;w) ≥ inf

ξ∈Y
Ψk(ξ;w)

= inf
ξ∈Y

(− inf
x∈X

l(x, ξ, w;σk)) = inf
ξ∈Y

sup
x∈X

−l(x, ξ, w;σk)

= sup
x∈X

inf
ξ∈Y

−l(x, ξ, w;σk) = sup
x∈X

{
inf
ξ∈Y

{h∗(ξ)− 〈Ax, ξ〉} − p(x) + 〈c, x〉 − 1

2σk
‖x− w‖2

}

= sup
x∈X

{
−h(Ax)− p(x) + 〈c, x〉 − 1

2σk
‖x− w‖2

}

≥ −p(Pk(x
k))− h(APk(x

k)) + 〈c, Pk(x
k)〉 − 1

2σk
‖Pk(x

k)− w‖2.;�, infξ∈Y P supx∈X iO�d#OCS [47, Theorem 37.3] gd. M�, V (3.8), k�X
inf
ξ∈Y

Ψk(ξ, x
k) = −p(Pk(x

k))− h(APk(x
k)) + 〈c, Pk(x

k)〉 − 1

2σk
‖Pk(x

k)− xk‖2.KP, �℄℄Gi w ∈ X , k�X
Ψk(ξ, x

k)− inf
ξ∈Y

Ψk(ξ, x
k) ≥ 1

2σk

(
‖Pk(x

k)− xk‖2 − ‖Pk(x
k)− w‖2 − 2〈w − xk, σk∇ηΨ(ξ, xk)〉

)
.*Gdl�(k�iY�Æ9℄ w i	RJ!, :i:Y�u w∗ = Pk(x

k)−σk∇ηΨ(ξ, xk) =

Pk(x
k) + xk − x̃k(ξ) MOd, G:Y�_ 1

2σk
‖Pk(x

k)− x̃k(ξ)‖2. �9k�8��q�L`.V�D 3 � h∗ iCQ#, k�(�gd}�i(k�
Ψk(ξ, x

k)− inf
ξ∈Y

Ψk(ξ, x
k) ≤ (1/2αh)‖∇Ψk(ξ, x

k)‖2, ∀ ξ ∈ Y. (3.9)�u,  TL` 1 _ (3.9), k�X
‖xk+1 − Pk(x

k)‖2 ≤ (σk/αh)‖∇Ψk(ξ
k+1, xk)‖2,$OBJd}Ez.i0(.xZ\G (A) P (B):

(A′) ‖∇Ψk(ξ
k+1, xk)‖ ≤

√
αh/σk εk, εk ≥ 0,

∑∞
k=1 εk <∞,

(B′) ‖∇Ψk(ξ
k+1, xk)‖ ≤

√
αh/σk ηk‖Proxσkp

(
xk − σk(A∗ξk+1 − c)

)
− xk‖,

0 ≤ ηk < 1,
∑∞

k=1 ηk <∞.



394 | 0 # 1 2020 '(�KJ0(.x (A′) P (B′) Af�0(.x (A) P (B) <!��8. M�, �8��.x�%A} ∇Ψk(ξ
k+1, xk) i�!86�, wiD (3.2) "g863U. �uk�OCk℄�D

1 P 2 ,J.
 3.1 i�k D. _q(�i	m, k��iD (1.1) �i� J!}_ f , w
f(x) := h(Ax) − 〈c, x〉+ p(x), x ∈ X .Lh 1. uiD (1.1) X�P"s Ω. } {xk} _.
 3.1 u0(.x (A′) }8|imK*s. �	 {xk} �kdiD (1.1) i�):S" x∗ ∈ Ω.dD, 0(.x (B′) <M���8�G ∂f−1 ueq9℄ x∗ Æ3giG�_ κ, �	Vu k̄ ≥ 0 �g�℄Gi k ≥ k̄,

dist(xk+1,Ω) ≤ µkdist(x
k,Ω),�b µk =

[
ηk + (ηk + 1)κ/

√
κ2 + σ2

k

]
/(1 − ηk) → µ∞ = κ/

√
κ2 + σ2

∞ < 1 (µ∞ = 0 if σ∞ =

+∞).� 2. 
d
�Æ���7=�i, �b9℄ ∂f−1 3g#i�uÆ��hi. Oz℄m?/wbV�iD{�8�)�u. ed, u Lasso, Fused Lasso Cu Elastic net eAiD�, V℄:�i� J! f {Æ�2�#	Ri, 7CV Sun i&
�e [53](M�2Æ [50, Proposition 12.30]) _ Robionson 9℄��F��Oro7$i � [46], k�Æf��iD� J!i ∂f−1 ueqÆ3gi. �℄;:��2�#	RiD, ∂f−1 3g#i46<ÆS``�46i!:��. ed, u [36, 57] �, >�46q[ ℓ1 j Elastic net 
x�i�reAiDi� J!i ∂f−1 i3g#; e� [66] k℄X$
x# (bounded regularity)I�,Jq p _O�!iJV} ∂f−1 3g#iG�I�; e� [10, 11] k℄	Rz<I�
(quadratic growth condition) ,Jq?Y℄;�S`iD�Mi ∂f−1 3g#iG�I�.

3.2. BX[mPRrb�~ (3.2)���k�L�
Q�<\*� (semismooth Newton) .
M".
 3.1 �i3iD
(3.2). �<\*�.
i9,S,�k#��g3iDM"��pYB%.�B}q.

3.1 i	F��.,w x̃ ∈ X P σ > 0, .>iD (3.2) i �, k�wH}�iJ! ψ : Y → (−∞,+∞]:

ψ(ξ) := − inf
x∈X

l(x, ξ, x̃;σ) = h∗(ξ) + inf
s∈X

{
p∗(s)− 〈x̃, Aξ + s− c〉+ σ

2
‖Aξ + s− c‖2

}
.���L�d}iS`iD

min
ξ∈Y

ψ(ξ). (3.10)V�u 1,k�S (2.1)P�D 3Æf ψ Æ Y liCQ��O℄J!. ?"i ψ u int(domh∗)O℄$GA}Æ9, Lipschitz i+i:

∇ψ(ξ) = ∇h∗(ξ) −AProxσp(−σA∗ξ + x̃+ σc), ∀ ξ ∈ int(domh∗).�D 3 .?*$�iD (3.10) X^?" ξ∗ ∈ int(domh∗), G ξ∗ �8}�i:SI��C:

∇ψ(ξ) = 0, ξ ∈ int(domh∗). (3.11)7CS`iD (3.10) iM"OC,d_M"l�i:SI��C. k�*Gd Proxσp(∇h∗),_ (9,) Lipschitz i+J!, KP ∇ψ ?�(tÆO℄J!, 7Cm

QOOi*�.
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M". V℄X>�iMQ, P℄�<\�CiM"?�CZ�dS`{a46[gi9*.?"i, �<\*�.
 [24, 40, 44, 52] �__ÆM"P℄�<\�C?)�;X�i.
. e� [29, 30, 32, 34, 38, 43, 60, 64, 65]�V�z. D<|	q�<\*�.
i!�Sn#. }�, k�,J�<\J!iwH, ��wHÆSe� [24, 40, 44, 52]�7 �Z.L� 2. } O ⊆ X _Is, F : O ⊆ X → Y _9, Lipschitz i+J!, K : O ⊆ ℜn
⇉

ℜm×n _�P+� (compact valued)l�i+ (upper-semicontinous)isTOr. F u x ∈ O9℄��Or K �<\i, dD F u x Æ��O℄i (directional differentiable) G�℄℄GiV ∈ K(x+∆x) �8 ∆x→ 0,

F (x+∆x) − F (x)− V∆x = o(‖∆x‖). (3.12)dD (3.12) �C}k�\G
F (x+∆x) − F (x)− V∆x = O(‖∆x‖1+γ),�b γ > 0 Æ
;!, �	 F u x 9℄ K Æ γ- ��<\i1) . |Z, k�? F Æ O l9℄

K i�<\J!Æ� F u O l℄Gq9℄ K {Æ�<\i. �_i, dD O _SP�j�lwiIs, K _ F i Clarke >H Jacobian (Clarke’s generalized Jacobian), k�u(��m<Hi�� O P K, ? F Æ�<\J!.� 3. k�*GdV�;QiJ!{Æ�<\J!, dQJ!_<\J!. ?"i, i+�2�rJ! (continuous piecewise affine functions)P	Ri+O℄J! (twice continuously

differentiable functions) {ÆC�<\J!. ed, ℓ1 �!iw0Or Prox‖·‖1
ÆC�<\J!. /�9℄�<\J!_C�<\J!i=�2Æe� [17].V℄ ∇h∗ P Proxσp {Æ9, Lipschitz i+i, k�OC�"wH:�i Clarke >H

Jacobian [8], }_ ∂(∇h∗) _ ∂(Proxσp). .?*, k�OCwH� J! ψ i>H Hessian,w ∇ψ i Clarke >H Jacobian, }_ ∂2ψ. ?�Z$ ∂2ψ 
XOz.i��!X�, KPk�wHd}G\Or
∂̂2ψ(ξ) := ∂(∇h∗)(ξ) + σA∂Proxσp(−σA∗ξ + x̃+ σc)A∗, ∀ ξ ∈ Y. (3.13)�℄℄G,wi ξ ∈ Y, V [23, Example 2.5], k�Æf

∂2ψ(ξ)(d) = ∂̂2ψ(ξ)(d), ∀d ∈ Y.VP, ∂̂2ψ �__Æ ∂2ψ ?)�LiG\Or. ,w ξ ∈ Y, } V = H + σAUA∗ ;�
H ∈ ∂(∇h∗)(ξ), U ∈ ∂Proxσp(−σA∗ξ + x̃+ σc), x V ∈ ∂̂2ψ(ξ). $G, V℄ h∗ _CQJ!, k�X H _�?
w (symmetric positive definite) ;�, .?*X V <Æ�?
w;�. �uk�,J�<\*�.
M"yO (3.11) ik�U�.u?��hi�u}, k�OC��.
 3.2 iS9P9,=�#�k#�. AFw`d}. Lh 2. u ∇h∗ u Proxσp _C�<\J!, } {ξj} _.
 3.2 8|imK*s. �	,

{ξj} �kdiD (3.10) i^?" ξ∗ G
‖ξj+1 − ξ̂‖ = O(‖ξj − ξ̂‖1+τ ),

1) �#j, eE γ = 1, l���`D�=℄.
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�� (3.11)yt µ ∈ (0, 1/2), η̄ ∈ (0, 1), τ ∈ (0, 1], δ ∈ (0, 1), ξ0, x̃, σ. � j = 0, 1, . . . , v\
1: -O Hj ∈ ∂(∇h∗)(ξj), Uj ∈ ∂Proxσp(−σA∗ξj + x̃+ σc), } Vj = Hj + σAUjA∗, 3UM"�#yO

Vjh = −∇ψ(ξj) (3.14)j�Q4AA}.
 (conjugate gradient) gd hj �g
‖Vjhj +∇ψ(ξj)‖ ≤ min(η̄, ‖∇ψ(ξj)‖1+τ ).

2: uw αj = δmj , ;� mj _o?)��	! m �g
ξj + δmhj ∈ int(domh∗), Cu ψ(ξj + δmhj) ≤ ψ(ξj) + µδm〈∇ψ(ξj), hj〉.

3: z. ξj+1 = ξj + αj h
j .;� τ ∈ (0, 1] _.
 3.2 �,wi2!.�k. u ∇h∗ u Proxσp C�<\i�u}, (�gd ∇ψ u X l9℄ ∂̂2ψ (wH�

(3.13)) ÆC�<\i. *Gd Vj 7Æ�?
w;�, w` �OCSe� [29, 30, 64] ��M��*$gd.� 4. uV�MQ�,B�Bdi ∂(∇h∗)_ ∂Proxσp <O!
XOz.i��!X�. ��k�OC0OM9i&�2�G\Or. AFZ$, dDk�OC�d ∂(∇h∗) _ ∂Proxσpi�Ez.i��G\Or P _ U , G�8 ∇h∗ P Proxσp �"9℄ P P U ÆC�<\i.�	, �℄Gi ξ ∈ Y, k�wH
V(ξ) = {V | V = P + σAUA∗, P ∈ P(ξ), U ∈ U(−σA∗ξ + x̃+ σc)} .(���, ψ 9℄ V ÆC�<\i. �9, k�OC��
En��.
 3.2 $��dMw`

2 ?9i�k# D. ��l, e� [30, 34, 65] B40Qq�b7��ix�.

4. CY\nQ|SJV�v���k�L��<\*�.
 3.2 iAF���
. S.
 3.2 i��OCKd, k�%:%:L�j)��: (a) �<\
xJ! p iw0.3 Proxp iz.; (b) �#yO (3.14)� Vj i5w; (c) �#yO (3.14) i%�M". ;�, dM* 4 7=�i, (b) � Vj i5w%:.>J! h P p AFi �.!=�. ��=�1_q�e%:� , 7k�u���,9* (a) P (c). � ∇h∗ ?"Æ Proxp i>H Jacobian iz.u;G\Oriuz$�Pi|�OC2Le� [30, 31, 34, 38, 65].

4.1. id{� Proxp I^{�b, k�%:L�wHu ℜn li�<\
xJ! p iw0.3 Proxp iz.. 9℄wHu;�P�li�<\
xJ! p iw0.3i�9z.x/_�s, V℄0�u>�



4 : �)y: �URTajT-x1r0Æ 397Æ�i��, �e8(>=�q, $�Pi|�OC2Æ [12,13]. k���,Jm?_Oz/w�;Æi
xJ!$,J:��Miw0.3.?"i,k��?�;Æi
xJ!7 u! 1 �. E 1 ��Zz p Gz (λ1 > 0, λ2 > 0)

p(x) f�
Lasso λ1‖x‖1 [55]

Fused Lasso λ1‖x‖1 + λ2

∑n
i=2 |xi − xi−1| [56]

Clustered Lasso λ1‖x‖1 + λ2

∑
i<j |xi − xj | [51]

OSCAR λ1‖x‖1 + λ2

∑
i<j max{|xi|, |xj |} [6]

Sparse group Lasso λ1‖x‖1 + λ2

∑g
l=1 wl‖xGl

‖ [62]

Elastic net λ1‖x‖1 + λ2‖x‖
2
2 [67]! 1 �:	^i
xJ!_ ℓ1 
xJ! λ1‖ · ‖1, :iw0.3Xd}��!X�:

Proxλ1‖·‖1
(x) = sgn(x) ◦max{abs(x)− λ1, 0}, ∀x ∈ ℜn,;� ”sgn” Æ�MJ!, ”abs(x)” !	 x iH��, � ” ◦ ” \!�o�o�B. M�, 	:L6OC��, Elastic net 
xJ!7�Miw0.3iz.<OC	`_ ℓ1 �!iw0.3iz.. �! 1 �;:w0.3iz.x%:/�iL6. k�*Gd! 1 �;:' 
xJ!{X�Mi�� 5, w:�{OC!	_ ℓ1 �!_|?)QJ!�P. � ?�iMP 5,w0.3iz.[Zq�Yi
', VPk�OCgd��w0.3i���!X� (semi-closed-form representation). ?"i, V℄ Fussed Lasso
xJ!OC!	_ ℓ1 �!_7�7 (total variation) �!�P, Friedman et al. u [18] �gd Fussed Lasso 
xJ!iw0.3OCV ℓ1 �!iw0.3_7�7�!iw0.3i�Tgd. 1Y, Yu ue� [61] �,Jq/?�i D. ?"i, 9�JdDJ! p OC!	_n)J! p1 _ p2 �P, w p(x) = p1(x) + p2(x), ∀x ∈ ℜn, �	u?�9℄ p, p1, p2 i
x#I�}X

Proxp(x) = Proxp1
(Proxp2

(x)), ∀x ∈ ℜn."piÆ, ! 1 �i
xJ!{�8 [61] �i
xI�. KPk℄l�i�"3�, M Fused

Lasso J ?9, k�OCgd Clustered Lasso [34] P Sparse group Lasso [65] 7�Miw0.3i���!X�. ! 1 ���?"iÆ OSCAR 
xJ!, k�0Q? ��"3�/S,iz.��. *Gd OSCAR 
xJ!Ok��dA [38]:

λ1‖x‖1 + λ2
∑

i<j

max{|xi|, |xj |} =

n∑

i=1

ri|x|↓i , ∀x ∈ ℜn,�b |x|↓1 ≥ |x|↓2 ≥ · · · |x|↓n G ri = λ1 + λ2(n− i), i = 1, · · · , n. �9k�gd�J! κr(x) :=∑n
i=1 ri|x|

↓
i G r1 ≥ r2 ≥ · · · rn ≥ 0. κr ue��\�?_/*�R ℓ1 �!G:iw0.3OCQ pool-adjacent-violators.
 [4, 5] %�z.. �9k�<1�gdq OSCAR 
xJ!iw0.3. k℄��=�, k��! 1 �
xJ!iw0.37 u}!�.
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Proxp(x) f�

Lasso Proxλ1‖·‖1(x) [55]

Fused Lasso Proxλ1‖·‖1(ProxTV (x)) [18]

Clustered Lasso Proxλ1‖·‖1(ProxCl(x)) [34]

OSCAR Proxκr (x) [38]

Sparse group Lasso Proxλ2wl‖·‖(Proxλ1‖·‖1(xl)), xl ∈ ℜ|Gl|, l = 1, 2, · · · , g [65]

Elastic net Proxλ1/(1+2λ2)‖·‖1(x/(1 + 2λ2)) [67]u! 2 �,

ProxTV (x) := argmin
z∈ℜn

{1

2
‖z − x‖2 + λ2

n∑

i=2

|zi − zi−1|
}
,

ProxCl(x) := argmin
z∈ℜn

{1

2
‖z − x‖2 + λ2

∑

i<j

|zi − zj|
}
.�b ProxTV (x) OCQ Condati��.
gd [9]; ProxCl(x) iS,z.OCue� [34]��d. |Z, Proxλ2wl

OCVd}3�gd:

Proxλ2wl
(u) =






u

‖u‖ max{‖u‖ − λ2wl, 0}, dDu 6= 0,

0, dDu = 0.

4.2. 
Æ�� (3.14) IU�rb}�k�L��#yO (3.14) i. _l�℄(�_q	`(�, k��iD (1.1) iP�
X P Y ?"n8w_ X = ℜn, Y = ℜm. VP, k�OCgd�#Or A u ℜn P ℜm i .k}i;�!	 A ∈ ℜm×n. ,w (ξ, x̃) ∈ ℜm ×ℜn, σ > 0, k�L�d}i�#yO:

(H + σAUAT )d = −∇ψ(ξ), (4.1)�b H ∈ ∂(∇h∗)(ξ), U ∈ ∂Proxσp(x̃− σ(AT ξ − c)). V℄ H Æ�?
w;�, �#yO (4.1)OCk�i�A (
Im + σ(L−1A)U(L−1A)T

)
(LTd) = −L−1∇ψ(ξ),;� L ÆV H i (s�) Cholesky �" (Cholesky decomposition) 7gdiO$;�G�8

H = LLT . uV�MQ�, H Æs�;�. ��l, dD3�J! h OA	Rj��r3�J!, x H _��;�. 7C, z.;� L P:i$;�i��uY�!JV}OC�[�. KP, u�b, k�(�?�#nL�yO (4.1) i?)	`
�:

(Im + σAUAT )d = −∇ψ(ξ), (4.2)�)yOALÆ3�J! h O_	R3�J!iJV. _q.?*F����iO�&
,k�L�?�i�<\
xJ! p Z.?*	`yO (4.2). ?"i, ,w
2! λ1 > 0, k�L� ℓ1 �!_
xJ!, w p(·) = λ1‖ · ‖1. �9, (4.2) ALÆd} Lasso iD7�Mi�<\*�yO:

min
x∈ℜn

{
1

2
‖Ax− b‖2 + λ1‖x‖1

}
,



4 : �)y: �URTajT-x1r0Æ 399;� b ∈ ℜm Æ,w!>�o. uaBiuw}, U ∈ ℜn×n Æ��;�. U�iL6OÆ, ��z.;� AUAT P�,w�o d ∈ ℜm i;��oBo AUATd i0>o�"Æ O(m2n)P O(mn). a;� Aia!�Y�,��3>i�Y0>o�g;Qi.
d Cholesky�"�
_4AA}
(�TQZM"Y?�iyO (4.2). "piÆ, u LassoiD�, dDk�OC<6$
Q;� U is� 5, k�OCpYi�n����~z.(
i0>o. �}Z, k��	{=�dRQ<6
Q U is� 5, �bi U is�#w_B6�Bdi�<\	��t�ue� [29] �<�?_	�s�#.} x = x̃− σ(AT ξ− c), k�7Æu�����d}��-O;���;� U = Diag(u),�b��d+ u iwHÆ
ui =





0, if |xi| ≤ σλ1,

1, otherwise,
i = 1, . . . , n.V℄ Proxσλ1‖·‖1

(x) = sign(x) ◦max{|x| − σλ1, 0}, k�(��� U ∈ ∂Proxσλ1‖·‖1
(x). wH6L�!sT J := {j | |xj | > σλ1, j = 1, . . . , n}, }sT J �id+)!_ r, w r = |J |. 
Q U ?"i 0-1  5, k�OC�;� AUAT .!d}k�!�

AUAT = (AU)(AU)T = AJA
T
J , (4.3);� AJ ∈ ℜm×r _ A i3;�, V A �} u J  is�o9A. �9, V (4.3) OÆ,z.;� AUAT P;�_�oBo AUAT d i0>o�"�nd O(m2r) P O(mr). V℄

ℓ1 �!
xJ! p AXB}:S"s�}i#�, K;JV} r fj�℄?�!o n. KP, KF<6$
Q U is� 5w�<\	R�t,
Q Cholesky�"M"�#yO (4.2)�i0>oOC�pYi�n. ?"i, �M"FCi70>oV O(m2(m + n)) �ndq
O(m2(m + r)). S 1  �n|	q0>oi�n. S�Wki,��a℄;� A ���}HY,�i(usT J �is. VP, k�OCKd2;?�!o n ?"�Y (d n ≈ 107),

m

n

AUAT = O(m2n)

AJA
T
J =

m

r

= O(m2r)T 1 |01?pW O(m2n) �oe O(m2r)



400 | 0 # 1 2020 '�: m P r Y�T� (d 104 <Y), *��#yO (4.2) `WOC�Q Cholesky �"�
%�n.!M".dDM�9�!o m <jY℄ Proxσλ1‖·‖1
(x) i�yd+)! r, w (r ≪ m), �	k�bOC.?*4�z.0>o. _���"?) m×m ai;�(M, �bk�OC&'℄

Sherman-Morrison-Woodbury3� [21] ZKFM?) r × r a�;�i$Zgd m×m aY;� Im + σAUAT i$:

(Im + σAUAT )−1 = (Im + σAJA
T
J )−1 = Im −AJ (σ−1Ir +AT

JAJ )−1AT
J .S 2 |	q r× r a;� AT

JAJ iz.0>o. 
Q� �
, M"*��#yO (4.2) i0>oV O(m2(m + r)) .?*4�d O(r2(m + r)). OÆ�S`�� r�<\	��ti<6, Cu����t_!��#\!xE3Ei TOC�k�pYi�nM"*��#yOi0>o, S��M"e�S`iDi.
 3.1 .!�,. aW, dD4AA}
�QZM"yO (4.2), k�<OCQ℄(i��=d.
0>oi�n_�,, �b8(t-�q.

r
m

=AT
JAJ = O(r2m)T 2 |01?p/�+5�e O(r2m)�℄3�J! h (Æ	RJ!i?�JV, SCli=�OÆ, �: Proxσλ1‖·‖1

(x) ��yd)! r 86� (d�℄ √
n), G H ∈ ∂(∇h∗)(ξ) as�;� (d��;�), k�7ÆOCC�mi0>oM"�#yO (4.1). �b?);ÆiiDÆ�2; Lasso iD�Xs�:S", u.
.!�~ (U;ÆI��~), VXO! Proxσλ1‖·‖1

(x) ��ydi)!VY, {�_ n M�. �iD�iW�OCSn)5R.!"G: ��, � ��u�~JV��_nÆ, K_u���, .
7ÆQs�O!"_I�q, edy�o; ;R, 8.� ��J�q,k�,%:�Q�n*i4AA}v\8OCVLnM`�)�#yO, K_�)�X2!
σ K;���, �#yOiI�!f��L, GaBv\qB_:S"�j, �#yO(%:3UM".����
xJ! p(·)O_ λ1‖·‖1 ��<\*�.
i%���.!q{�i=�. �℄;:i
xJ!, ;� U i 5/_�s, KP�#yO (4.2) iM"%:/3{iLo.�eV℄0���, �b8(??(�q, $�Pi|�OC2Æe� [30, 34, 38, 65]. ��e��i!�.e!�, dDOC%�on
QiD ri	�?� 5, $_!��#\!x�3E T, �<\*�.
�*v\i0>o�f_aB~!?�.
�*v\0>o�a, {�/n. *Gd�_	�.
�*v\0>o�YiOO:q��, �k�7uzi.
Og�?.|i!:eK�?w_�eiD7rIi�<\#ixf<6_
Q. S�)�}ZK, S`���i�<\?#(M�Yk�QC. AA��, :�iVuÆk�M"=Y?�iDiv\, :�Æk�u.
uzFC�M�opP�i!:d+.

5. ���a�e'pqM"�TQS`iDi?℄S,w0q.
, !q9�q.
iS9�k_
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i3iD, $ T�~s�S`iD, ��qdR<6
QiDi�<\ r 5,%����<\*�.
. &P>�v\�|�'p$U
�<\:5}i	�.
, $v\�e'pi.
_&�OC�QZM"/�Y?�S`iD.�
. �e>�$�n
#�z'[i�IP�
�$?"$���6BfY/uÆ|&
��e 
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EFFICIENT PROXIMAL POINT ALGORITHM FOR CONVEX

COMPOSITE OPTIMIZATION

Li Xudong

(School of Data Science, and Shanghai Center for Mathematical Sciences, Fudan University,

Shanghai 200433, China)

Abstract

In the Big Data era, with the advent of convenient automated data collection tech-

nologies, large-scale composite convex optimization problems are ubiquitous in many appli-

cations, such as massive data analysis, machine and statistical learning, image and signal

processing. In this paper, we review a class of efficient proximal point algorithms for solv-

ing the large-scale composite convex optimization problems. Under the easy-to-implement

stopping criteria and mild calmness conditions, we show the proximal point algorithm en-

joys global and local asymptotic superlinear convergence. Meanwhile, based on the duality

theory, we propose an efficient semismooth Newton method for handling the subproblems in

the proximal point algorithm. Lastly, to further accelerate the proximal point algorithm, we

fully exploit the nonsmooth second order information induced by the nonsmooth regularizer

in the problem to achieve a dramatic reduction of the computational costs of solving the

involved semismooth Newton linear systems.

Keywords: composite optimization; proximal point algorithm; semismooth Newton

method.
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