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Abstract: In this paper, we use KAM methods to prove that there are positive
measure Cantor sets such that for small perturbation parameters in these Cantor sets
a class of almost periodic linear differential equations are reducible.
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1 Introduction and the Main Result

This paper considers the reducibility of the following system

T lA+=Qu) . (L1)
where A is an r x r constant matrix, @Q(t) is an r X r almost periodic matrix with respect
to t, and ¢ is a small perturbation parameter.

We say that a function f is a quasiperiodic function of time t with basic frequencies
w= (w1, wa, -+, wq), if f(t) = F(01, O, ---, 04), where F is 27 periodic in all its arguments
and 0, = wyt forn =1,2,--- ,d. f is called analytic quasiperiodic in a strip of width p if F’
is analytical on

D,={0]130,,| <p,m=1,2,--- 1}

In this case we denote the norm by

1l =D [File?™.

keZd

A function f is almost periodic, if f(t) = > fn(t), where f,(¢) are all quasiperiodic for
n=1

n=1,2,--.
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A change of variables = P(t)y is a Lyapunov-Perron (LP) transform if P is non-
singular, and P, P! and P are bounded. Moreover, if P, P! and P are almost periodic,
the change = P(t)y is called almost periodic LP transformation. If there is an almost
periodic LP transformation changing the equation (1.1) into ¢y = By, the equation (1.1) is
called reducible.

If @ = (gmn) is periodic the reducibility in all cases is given by the classical Floquet
theory. If @ = (¢mn) is quasiperiodic and the eigenvalues of A are all different, .J orba-Simé!
proved that if the eigenvalues of A and the frequencies of @ = (¢mn) satisfy some non-
resonant conditions and non-degeneracy conditions, there is a positive measure Cantor set E
such that for € € E the equation (1.1) is reducible. Xul? proved the similar result when Q =
(¢mn) is quasiperiodic and the eigenvalues of A are multiple. If @ = (g ) is almost periodic,
the reducible problem seems difficult to study. The difficulty comes from the description
of related “non-resonant condition” for the infinitely many frequencies. Xu and Youl®!

4

under the “ spacial structure” described in [4] and some non-resonant conditions, obtained
reducible result for (1.1) by KAM method when the eigenvalues of A are all different. In
this paper, we are going to study the reducibility for the system (1.1) when @ = () is
almost periodic and the eigenvalues of A are multiple.

Now let us introduce the “space structure” and “approximation function” and some

related definitions.

Definition 1.1 Let 7 consist of the subsets of natural numbers set N. (1, [-]) is called

finite spacial structure in N, if T satisfies

(1) ber;
(2) if Ay, Ag € 7, then [Ay U Ag] < [7];
(3) U A=N.

Aer

And [-] is a weight function, i.e., [0] =0, [A; U As] < [A1] + [As2].

Definition 1.2  Let k€ ZN. Denote the support set of k by
suppk = {(n1,n2, - ;) | km #0, m =nq,ng, - ,ng, ky =0, m = other number}.
Denote the weight value by
(k] = inf [4].

suppkCA,AeT

Write |k| = > |ki.
i=1

Assume that Q(t) = (¢mn(t)) is a quasiperiodic 7 x r matrix. If for allm,n =1,2,--- ,r,
Gmn(t) are analytic on
D,={0]30| <p, m=1,2,---,r},
then Q(t) is called analytic on the strip D,. Denote the norm by

1), =7 max_ gD,

If Q(t) = > Q,(t), where Q ,(t) are quasil_)eriodic matrices with basic frequencies wy =
AeT
{w; | i € A}, then Q(t) is called almost periodic matrix with spatial structure (7, [-]) and



