NUMERICAL MATHEMATICS, A Journal of Chinese Universities (English Series)
Numer. Math. J. Chinese Univ. (English Ser.), issue 4, vol. 16: 313-319, 2007

Comparison Results Between Preconditioned Jacobi and the
AOR Iterative Method

Wei Li* and Jicheng Li
(School of Mathematics, Xi’an Jiaotong University, Xi’an 710049, China
E-mail: waterliwei@sohu.com, Jcli@mail xjtu.edu.cn)

Received December 5, 2005; Accepted (in revised version) March 14, 2007

Abstract

The large scale linear systems with M-matrices often appear in a wide variety of
areas of physical, fluid dynamics and economic sciences. It is reported in [1] that
the convergence rate of the IMGS method, with the preconditioner I + S, is superior
to that of the basic SOR iterative method for the M-matrix. This paper considers
the preconditioned Jacobi (PJ) method with the preconditioner P =1+ S, + Sg, and
proves theoretically that the convergence rate of the PJ method is better than that of
the basic AOR method. Numerical examples are provided to illustrate the main results
obtained.
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1. Introduction

Consider the linear system
Ax=0b, (1.1)

where A is an n X n square matrix, x and b are n-dimensional vectors. To accelerate the
convergence of the iteration method solving the linear system (1.1), the preconditioned
methods are often used. In general, the preconditioned system of (1.1) is

PAx = Pb, (1.2)

where the nonsingular matrix P is called the preconditioner. The systems (1.2) with the
different preconditioners P were discussed by many authors (see, e.g., [1-3, 5, 7]).
In [2], the author considered the preconditioner P =1 + S, where

oy, j=itl,
Sa=(sij)nxn={ 0. otherwise, O0S@ =1L (1.3)

Many authors considered this preconditioner (see, e.g., [1, 2, 5, 7]). In particular, it is
proved in [1] that if A is a nonsingular M-matrix and the parameter satisfied 0 < w <1,

*Corresponding author.

http://www.global-sci.org/nm 313 (©2007 Global-Science Press



314 W. Li and J. C. Li

then the asymptotic convergence rate of the IMGS method is faster than that of the SOR
method and the Gauss-Seidel method.

In this paper, for the preconditioner P = I + S, + Sg proposed in [3], where S, is
defined as above and

j=i-1,

<B <
otherwise, O<hi=1, (1.4)

Sp = (Sijdnxn = { 0 -
we prove theoretically that if A is a nonsingular M-matrix and the entries of A and re-
laxation parameters of AOR method satisfy the P-condition defined in Section 3, then the
asymptotic convergence rate of the PJ method is faster than that of the AOR method.

The rest of the paper is organized as follows. In Section 2, we give some concepts and
some lemmas. In Section 3, we prove that the PJ method is superior to the AOR method
under the P-condition. In Section 4, we give two numerical examples to illustrate the
obtained results in Section 3.

2. Preliminaries

A square matrix A = (a;j),x, is called (nonsingular) M-matrix if A=sI — B,B > 0 and
(s > p(B))s = p(B) , where p(B) denotes the spectral radius of B.
For a nonsingular M-matrix A, without loss of generality, we always assume hencefor-
ward that
A=I-1L-U, (1.5)

where [ is an identity matrix, —L and —U are strictly lower and upper triangular matrices
obtained from A, respectively. Thus the iterative matrices of the classical Jacobi method
and AOR method are
T,=L+U
and
Lo,=I-rL)'(1-wl+(w-r)L+wU]

with the two parameters w, r satisfying 0 < r < w < 1, respectively.

A =M — N is said to be M-splitting if M is a nonsingular M-matrix and N > 0. A
splitting A = M — N is said to be weak regular, if M~! > 0 and M~'N >0, NM~! > 0.
Obviously M-splitting is weak regular.

Lemma 2.1. [5] Let A be irreducible, A= M — N is an M-splitting. Then there is a positive
vector x such that M~ *Nx = p(M~'N)x.

Lemma 2.2. [4] Let A= M — N be a weak regular splitting. Then p(M~!N) < 1, if and only
ifA™1>0

Lemma 2.3. [6] Let T be a nonnegative matrix, x be a nonnegative nongero vector and a a
positive scalar. The following results hold.

1. If Tx > ax, then p(T) > a. Moreover, if Tx > ax, then p(T) > a.



