NUMERICAL MATHEMATICS, A Journal of Chinese Universities (English Series)
Numer. Math. J. Chinese Univ. (English Ser.), issue 3, vol. 16: 271-288, 2007

Bivariate Blending Thiele-Werner’s Osculatory Rational
Interpolation

Shuo Tang and Yan Liang"
(Institute of Applied Mathematics, Hefei University of Technology, Hefei 230009, China

E-mail: ts0610@sina.com, ly2004108@163.com)
Received June 25, 2006; Accepted (in revised version) April 24, 2007

Abstract

Both the expansive Newton’s interpolating polynomial and the Thiele-Werner’s in-
terpolation are used to construct a kind of bivariate blending Thiele-Werner’s oscula-
tory rational interpolation. A recursive algorithm and its characteristic properties are
given. An error estimation is obtained and a numerical example is illustrated.
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1. Introduction

Given a set of real points X,, = {xg,x1,--+,x,} C [a, b] CR, a function f (x) defined on
set [a, b] can be approximated by the expansive Newton’s interpolating polynomials [5]

n l i—1
—— —_
Nn(x) = Zfl:‘XO)XO)' X1, X1, X, )Xi] l_[(x - xv)z(x - Xi)l 1'
i=0 v=0

An efficient and reliable method of rational interpolation was proposed by Werner [1979]
who considers generalized Thiele interpolants of the form [1]
wo(x)  w;(x) w,—1(x)

0 =
R (X) pO(X)+ pl(x)+p2(x) + -0+ pt(x) .

In this formula, the polynomial

kg
w)=]Jx=x) (s=0,1,-+,c-1)
i=h,
vanishes at the (possibly reordered) interpolation points xp_, Xp 41, , Xk ; Ps(x) is a New-
ton interpolating polynomial which interpolates f®)(x) on Xp > Xh415" " »Xk,- The data for
each stage of the iterative construction of the fraction are defined by
ws(xi)

f(s)(xi) _ps(xi),

f(SH)(xi) =
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fors =0,1,---,t—1,i=hg kg + 1, ,n,n= Do (ks —hy+1).
For simplicity and also without loss of generality, we restrict ourselves to the case where
bivariate problems are involved [4] .

2. The construction of bivariate blending Thiele-Werner’s osculatory rational
interpolation

We SetXrl = {XO)XI;"' 1xn} - [ay b] - Ra Ym = {yO).yl)"' 1ym} - [Cyd] - Ra H;”ZI =
X, x Y, and let a bivariate function f (x, y) be defined on D = [a, b] % [c,d].
Now, we will construct a bivariate function R(x, y) of the following form

(x — X0)2 (x — x1)2 (x— xn—1)2

. 2.1
21(5) + Paloy) 4o+ pa(6,y) (21

R(x,y) =po(x,y)+
such that
) )
R(x;,y;) = f(xi,¥5)s ER(Xi’yj) = fe(xi, ¥5)s ER(XI',}’J') = fy(xi, ¥)- (2.2)

Suppose ¢;(x,y) (i=0,1,---,n) are bivariate functions defined on D = [a, b] x [c,d].
We give the following two definitions firstly.
Definition 2.1. [5] For fixed x, let

eilx;yl=9ilx,y),  @ilx;y,yil= f—ysoi(x,yj),
iy ]-eilxy,]

@ilx; ¥p, Yql = T, | (p # ),
(Pi[X;yOa.yOa"' s Yps s Yps Yottt ’yk]
h -1 h—-1 1
@i[x;yO,}’o,"':yp, .. ,yp‘,’yk, .. ,ykj—%[x;}’o,m,"':yp, ... ’yp‘,’yk’ T
- Yp—Yk ?
where h = 1,2; 1 h: 1,2; OZS p < k and p,k are non-negative integers. Then

@ilx; Y0, Y055 Yps 5 YpsYis *+ > Vi) s called the expansive divided difference of Newton-
type of ¢;(x, y) at point sets with {xo, -, x;} X {Yo,"**, ¥Ym}

Definition 2.2. [5] For fixed x, let

1 — 99ilxy)
Lpi[X,X, y] - > x

) _wilxexsy d=wilxx;y,]
(Pi[xaxa.yp).yq]_ Ya—Yp >

. _pilxsyos e Yp-1 Yk — @i [0, Y0, ]
Wi[X,X,YO,"‘,Yp,Yk]— Ye—p 5

where 0 < p < k, and p,k are non-negative integers. Then ¢;[x,Xx;¥o,"**,¥p,Yi] i

called the divided difference of Newton-type of w at the point sets with {xg,---,x,} %

X
{.yO)"' 1ym}'
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Secondly, we give our recursive algorithm. Let w;(y) = (¥ — yo)(y —y1) (¥ — ¥;)
forj>0and w_;(y)=1.

Algorithm 2.1

Step 1 Let po(x,y) = f(x,y),x € [a,b],

m
Polx,y) = Z (@0[X0§J’O,J’O,J’1,"' ,J’j—1,y]’]¢0]2~_1(}’) + @olx05 Y05 Yos Y15 ,J’j,y]']

j=0

m
wj—1()’)¢°j()’)) + (x — xo) Z‘Po[xO:XO;.YO:.YL"' Vi1, Yilwi—1(¥)

j=0
— (x=x0)*
Step 2 Let (Pl(xa y) - sao(X,y)—po(X,y)’ X € [Xl) b]a
m
— . 2 .
pl(xay) - Z (‘Pl[xl:.)’o;.)’o;}’b“' 1yj—11yj]wj_1(y)+ ‘:01[3(1:)’0,)’0;}’1;"' ).y]’y]]
j=0

m
wj—l(y)wj(.)/)) +(x —x1) 2901[351,3(1;)’0,}’1,"' Vi1, Yilwi—1(¥)
j=0

Step (s+1) Let

0 (x y) . (x - xs—l)2 . (x - xs—l)2 (x - X5—2)2 (X - xl)z
o 05106, y) = ps—1(x6,¥)  —ps_10x, ¥)+—ps—2(, y)+ -+ +—p1(x,¥)
(x— X0)2
, x € [x,,b], (2.3)
+@o(x,y) = po(x,y) s
m
_ . 2 .

P, )=) (sos[xs,yo,yo,yl, s YienYilei () + s [xs Yo Yo vy Y il

j=0

m
wj—1()’)¢°j()’)) + (x — x;) Z‘Ps[xs,xs;J’o,J’p“' Y- Yiloia () |, 24
=0

fors=2,3,---,n—1.

So we have completed the construction of bivariate function R(x, y) which is defined
in (2.1) and py(x,y),p1(x,¥), - ,pn(x,y) are defined by Algorithm 2.1. Next, we will
prove two lemmas in order to show that the constructed function R(x,y) satisfies the
interpolation conditions in (2.2).
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Lemma 2.1. Let p;(x,y) and ¢;(x,y) be defined by Algorithm 2.1. Then p;(x,y) and
¢i(x,y) satisfy:

o) o) 0 0
Pi(Xi,J’j) = Wi(xi,}’j), api(xi).)’j) = a(‘pi(xl"yj)j Epi(xi;yj) = E%(Xi,y]'),
i=0,1,---,n, j=0,1,---,m.
Proof. From (2.4), Definitions 2.1 and 2.2, we derive

pi(xi, ¥;) = wilxis Yol + @il xi; Yo, Yolwo(y;) + - + wilxis Yo, Yo, 5 Yj—1, ¥j-1]
@;_2(¥)w; 1) + ¢ilxi; Yo, Yoo - ¥i-1, ¥ilw? 1 ()
= wilxiy;] = 0ilx, ¥, (2.5)
api(xi,y]') = ¢ilxi, x5 Yol + @ilxi, x5 yo, yilwo(y;) + -+
+i (X0, Xi5 Y0, Y1, 5 Yj—1, Yl wij—1(¥;)

%}
= @;[x;, x5 y;1 = E‘Pi(xi,yj'), (2.6)

2 d (& ,
Epi(xia.yj) = E ; (‘Pi[xiQyO;yO).)’l)"' 1yt—11yt:|w[_1(.y)
+(,0i[XiQJ’o,J’o,"' 3yt:yt:|wt—1(y)wt(y)))|y:yj
%,
=pilxiy5,y5] = a‘ﬁi(xi,y]')- 2.7)

(2.5) and (2.7) can be proved by the properties of expansive Newton interpolating poly-
nomials and (2.6) can be proved easily through the properties of Newton interpolating
polynomials. W

Lemma 2.2. For 0 <s <n, let

(x— X5)2 (x— Xs+1)2 (x— xn—1)2
Ps+106,Y)+ Psya(6,y) +---+ palx,y)
In particular, Ro(x,y) =R(x,y), R,(x,y) = py(x,y). Then

R(x,y) =ps(x,y) + (2.8)

(1) R(x¢, ;) = ¢s(x¢, ;) holds true for s =0,1,-+-,n, t =s,s+1,---,n, j=0,1,---,m.
(2)

—R = -
aX (X,J’) aXpO(X5y)+ Rl(X,y) R%(X,y) axpl(-x’y)

2(x —x1)  (x—xp)? ,( @
+R2(X,.)’) - R%(X,y) (..._(X_XH_Z) (Epn—l(x,_)’)

2(x = X )pa(x, ¥) = (x = X412 Zpy(x, y) ) ) }

0 0 2(x—x0)_(x—x0)2{ 0

+

p2(x,y)
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For simplicity, we denote it as:

2(x — xo)Ry(x,y) — (x — Xo) Pl(X y)

i 0
—R(x,y)= —po(x y)+

dx Ri(x,y)
Z(X x1)Ry(x,y) — (x — X1) Pz(x y)
(X - xO) 2
R3(x,y)
- ,20¢ = x2)Rs(x, ¥) = (x = x2)* 5ps(x, ¥)
(x —x1) 3
R5(x,y)
Z(X Xn— 1)pn(x y) (X Xn— 1) axpn(x y)
(X - xn—Z) 2
p;(x,y)
3)
aR( )= 0 ( ) (x—xo)zx{a ( ) (x —x1)?
—R(x b'e _— —p(c,y)— ——
T ey T Ry Ty T R y)
(x—x,0)?[ @ () + —(x —xp- 1) Pn(x y)
x| 0w — - | —
R (e,y) | oyt pa(x, )
For simplicity, we denote it as:
0 B 0 —(x—xo)zaiypl(x,y)
ER(XLY) - EPO(XLY)-F R%(X,y)
—(x = x1)* £ pa(x, ¥)
+r o N2 dy
[—(x = x0)°] R, y)
—(x - Xz)z 35,0306, Y)
+r o 2
[—(x —x1)"] R%(x,y)
+...
—(X - Xn—Z)Zipn—l(x’ y)
+r o 2 dy
[ (X Xn—3) :| 2 1()( y)
—(X Xn— ) pn(x J’)
Tl = 0 0)?] :

ﬁ(x,y)



276 S. Tang and Y. Liang

Proof. (1) From (2.3) in Algorithm 2.1, Lemma 2.1 and (2.8), we get

(= x,) (= x,9)* (x,—x,1)?
Rs(xti -yJ) = ps(xt’ -y]) + p5+1(xp.)/j)+. ot pt—l(xta.yj) + pt(xt).yj)
= Ps(xt,yj) + (o — xs)z (x, — Xt—z)Z (x¢ — Xt—l)z
Ps+1(xt,.)’j)+' ) '+Pt—1(xt:y]') + e (x,¥;5)
= py(x, ¥;) + (x = ;) (¢ = x¢_9)° (¢ —x1)°
Psr1(xe, )Tt pa(x,y) t G mxi1)’
0106, Y5)—Pe—1(x0,¥5)
(x¢ _Xs)z (x¢ _xt—z)z
= ps(xy, yj) + p5+1(xt:.)’j)+. . (’Ot_l(x“yj) =...
X, — x,)? X, — x,)?
= py(xe, y5) + s;Tnij)) = ps(xe, y;) + ( (;t_xs;)
0s(xe,¥))=ps(x¢,Y;5)
= LPs(xu.)'j)-

Moreover, (2) and (3) can be proved by induction. W

Theorem 2.1. Let

(x — Xo)2 (x - X1)2 (x - Xn—1)2
p1(x,¥) * po(x,y) ++ pu(x,y)
where p;(x,y), (i=0,1,---,n) defined in Algorithm 2.1. Then

R(x,y)=po(x,y)+ , (2.9)

0
R(x;, yj) = f(xi ¥5), aR(Xi’J’j) = fr(x, ¥,

0
ER(Xi,yj):fy(xiayj)a V(Xl’y])EH;’,ZI

Proof.

(a) From (1) of Lemma 2.2, we know

R(x;, ¥7) =Ro(x, y;) = @olxi, y;) = f(xi, y),  V(x;,y;) € TP
(b) From (2) of Lemma 2.2, we get
2(x; — XO)R1(X1‘:}’]’) —(x; — Xo)2 ;—XP1(X1‘,J’J‘)

0 )
——R(x;,¥) = z=po(xi, ¥;) +

ax ax R%(Xl,y])
- 22(xi_x1)R2(Xi,J’j)—(xi_Xl)Z%PZ(Xi,J’j)—---
(Xi - XO) 2
Rz(xia .y])
- 5 20 = x;2)R;_1 (o, y) — (o — Xi-9)?Zpio1 (xi, ¥5)
(x; — xi_3) 5
Ri_l(xi;yj)
- 5 206 = x;-1)pi (x5, ¥7) = (x; —Xi—1)2%Pi(Xi,J’j)
(x; — xi_o .

pl‘z(xia .y])
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According to (1) of Lemma 2.2 and Lemma 2.1, we derive

2(x; = x0)p1 (%, ¥;) — (x; = x0)° ;—XP1(Xi,yj)

e, e,
——R(x;,¥j) = 2=po(x;, ;) +

dx dx QP%(XU.Y])

_(x‘ — X 22(xl~ —x)pa(x;, ) — (x; — X1)2%p2(xi,yj)_ .o

1
“P%(Xi,y]')

_(X x )2 Z(Xi - xi—Z)(pi—l(Xi: y]) - (Xi - Xi_Z)Z%pi_l(Xi,yj)
— Xi_3
l l Soiz—l(xi)yj)

_(X‘ . 2)2 Z(Xi - xi—l)(;oi(xi, yJ) - (Xi - Xi_l)z;;xgpi(xi,yj)
1 11— .

‘Piz(xi,yj')

. 2
Notice that ¢;(x;,y;) = (i —xi—1) and

— i Gy )=pia (xiy;)
2(x; = x;-1)(pia(xi ) = pica (x4, ¥))
(@i—1(xi, ¥;) = pim1(xi, ¥))?
(x; = x;-1) (%901‘—1(351‘,}’]') - aa_xpi—l(xbyj))
(pi—1(xi, ¥7) = pi—1(xi, ¥1))?

0
a%(xi,yj') =

2

we have
202 — ;-1 (i, y;) — (¢ — xi_1)? 2 0i(x1, )
@7 (xi, ;)
0 0
= 5%’—1(351',}’]') - api—ﬂxi,y]')-
Consequently,

2(x; = x0)p1 (i, 1) — (x; — XO)Z%pl(xiiyj) —
‘P%(Xi,y]‘)
- L 20 = x;_3)pi—10xi, ) = (x; = xi—2)* 3% -1 (xi, ¥5)
(; = x;-3) 5 :
Soi_l(xbyj)

0 0
ER(XI',J’]‘) = apo(xi,yj) +

By repeating the above procedure, we get

2(x; = x0)ep1 (i, y5) — (% — XO)Z%(‘pl(Xiiyj)
(P%(Xi,.)’j)

%} %}
ER(XD yj) = EPO(XDyj) +

) ) ) )
= apo(xi,y]') + a‘ﬁo(xi,y]') - apo(xi,y]') = a‘ﬁo(xi,y]')-

From Step 1 in Algorithm 2.1, we know ¢q(x,y) = f(x,y), so

0
ER(Xi,yj) = filxy;), V(x,y;) e H;’;'
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(c) From (3) of Lemma 2.2, it follows

—(x; _Xo)zaiypl(xi:y]')
R%(xi,y]-)

—(x; —xl)zaiypz(xi,yj)_i_'“
R%(xi,y]-)

2
—(x; = x;_5)* o, Pi-1(xi ;)

0 0
ER(XL‘,}’]') = EPO(bej) +

(s — x0)%]

il

32
(x; — xi_3)*] RZ (x5, ;)
+[_(X' — xi2)*] Bl Xi_l)zaiypi(xi’J’j)

pl‘z(xia .y])

Combining (1) of Lemma 2.2 and Lemma 2.1, we get

3
—(x; — XO)Zapl(Xi;yj)

%} %}
——R(x;,¥;) = z=po(x;, ¥;) +

3y dy CHEIR D)
—(xi—x1)zaip2(xi).)/j)
+[_(Xi_x0)2] 2 . "

Soz(xia.yj)

—(x; = x;_5) %pi—l(xi:Yj)

+r e .32
[—Cx; = xi-3)°] ERORD

—(x; — Xi—1)zaiy%(xi,yj)

= — x120)]

Lplz(xl:y])

Notice that

iy ) = (x; = x;_1)

ST o (g, ) = Pica (ki y)’

3 : ) —(x; = xi-1)? (%‘Pi—l(xi:.)’j)_%pi—l(xi:.)’j))

S PilX, Y5) =

oy (‘Pi—l(xi,y]')—Pi—1(Xi,J’j))2
Consequently,

—(x; —Xi—1)2;—y<ﬂi(xi,y1') K ( ) 2 ( )
= —Q._ x.’ ) — —p. X', . ).
(Piz(xi,y]‘) ay(pl 1WA .y] 8ypl 1WA .y]
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We then have

3
—(x; — XO)Zapl(xi;yj)

%} %}
ER(XUJ’]') = ——po(xy, yj) +

dy VHESRT)
—(x; —xl)zaipz(xi,yj)
Tl = x0)] o
(,02()(1', .y])
—(x; — xi—z)z%%—ﬂxi,y]')

T (g = xis)?]

(Pl'z_l(xi) .y])

—(x; — Xo)zaiy%(xi,y]')

2
= 5P (X,J’)"'
oy v ©2(x;,y))

0 0 0
= EPO(Xi:yj) + E@O(xi,yj) - EPO(xiayj)

%,
= E@O(Xi,yj)-
From Step 1 in Algorithm 2.1, we know ¢q(x, y) = f(x,y). Therefore, aiyR(xi, yj)=
[y (x,¥5), V(xg, ¥5) € H;? So the proof of Theorem 2.1 is complete. W

3. Characteristic properties of TWBORIs

For brevity, we cite the bivariate blending osculatory rational interpolation defined by
(2.9) as TWBORIs.

Theorem 3.1. Let R(x,y) be a bivariate blending osculatory rational interpolation as in
(2.9), and assume that every po(x,y),p1(x,y), - ,pn(x,y) defined in Algorithm 2.1 exists,
with a tail-to-head rationalize evaluation for R(x, y). Then polynomials N(x,y) and D(x,y)
exist and satisfy

N(x,y)
D(x,y)’

(0)-R(x,y) = D(x,y)>0;  (ii). D(x,y)IN*(x, y).

Proof. Let Ry(x,y) and R(x, y) be defined by (2.8) and (2.9) respectively. For s = n,

Np(x,y)

R, (x,y) =pn(x,y) = m,

which gives
Dl‘l(x).y)zo) Dn(x,y)lN’%(X,_y).
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Therefore, the conclusion of Theorem 3.1 holds true for s = n. Now, assume

_ Nk(X,_y)

Ri(x,y) = DiCry)’ Dy(x,y) >0, Dy(x,y)IN?(x,y) valid for s =k.

Then fors=k—1,

(x — Xk—1)2 (x — Xk—l)ZDk(X,J’)
Ri_1(x,y) = pr_1(x,y)+ ————=pr_1(x,y)+
k10, ) = pr-1(x,y) Ri(x.y) Pr—1(x,¥) Ni(x,7)
NA(x,y) 9
_ pk—]_(x’ J’) Dk(x,y) + (X - Xk_]_) Nk(X,_)’)
N2(x,y) '
Di(x,y)
Let
NZ(x,y) 5
Dy 1(x,y)=——F—=, Nie1(%,¥) = pr_1(3, ¥)Ds_1(x, y) + (x — x3_1)°Nie(x, y).
Dy(x,y)
Thus Ne i )
k=16, Y
Ry_1(x,y)=——F—=, Dy_1(x,y)=0
! Dk—l(x: J’) !
and
N7 (x,y) = pi_1(x, YIDZ_1 (3, ¥) + 2P 1 (3¢, ¥ )Dg—1 (3, ¥ )(x — x3-1)* N (x, )
+(x — x3_1)*NZ(x, ¥),
NZ(x,y)
D1 (x,y) = 2=,
- Di(x,y)
Consequently,

Dk—l(xa y)|Nk2_1(Xa y)'
Choosing k = 1, Theorem 3.1 is proved by induction. W

Suppose f(x,y) is a bivariate polynomial. We denote by J,f the degree of f(x,y)
with respect to variable x and by J, f the degree of f(x, y) with respect to variable y [3].

Theorem 3.2. The interpolating rational function R(x, y) given in (2.9) is of degree (n+1/n)
with respect to x and ((n+ 1)(2m + 1)/n(2m + 1)) with respect to y.

Proof. It is easy to observe from (2.4)
8xPs(x,y) =1, 3yps(x,y) =2m+1, s=0,1,---,n.
We denote by

(x —x0)*  (x —x)? (x = x,_1)? _ N®(x,y)
p1(x,¥) + pa(x,¥) +---+ ps(x,¥y)  DO(x,y)’

R(S)(X,J’) :PO(X,}’) +
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Fors =0,

NO(x,y)

R(O) X, = X, = N,

which gives
ONO(x,y)=1, 8.D9x,y)=0, ,NO(x,y)=2m+1, 3,09, y)=0.
Fors =1,

(= x0)” _ po(, )P0, ) + (= %)’ _ NO(x,y)
Pl(x,.)’) Pl(X,J’) D(D(X,.)’),

R(l)(x,.)’) :PO(X,}’) +

thus
ONBV(x,y)=2, 8, DV(x,y)=1, 8NYP(x,y)=4m+2, 8,0V (x,y)=2m+1.
Now we assume that

G NI (x,y)=s+1, 3,D%(x,y) =5,
ONO(x,y)=(s+1)2m+1), 8,D(x,y)=s(2m+1).

Then by the three-term recurrence formula, we get

NEHD0x, y) = poyy 06, Y INO (e, ) + (= x)PNED(x, ),
DEHD(x, y) = peya (6, IDOx, y) + (x = %DV, ).

According to the hypothesis, it follows

ONCT(x,y) = max{l+s+1,24+s+1—1}=s+2,
d,NC*D(x,y) = max{2m+ 1+ (s + 1)(2m+1),(s + 1 — 1)(2m + 1)}
= (2m+1)(s+2),
0.0 (x,y) = max{l+s+1—-1,24+s+1-2}=s+1,
3,06 (x,y) = max{2m+ 1+ (s +1—-1)(2m+1),(s + 1 — 2)(2m+ 1)}
(s+1)(@2m+1).

Therefore, the proof of Theorem 3.2 is completed by induction. H
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4. Error estimation
Let

(x = x0) (x = xp_1)? _ N*(x,y)

pi(x,y) +---4 pi(x,y)  D*(x,y)’

p; (6, ¥) = @i (xi, ¥0) + ¢ [xi5 0, Yol (y — ¥0) + @ [Xi3 Yo, Y0, y11(¥ — ¥o)?
o O X5 Y0, Yoo s Y Ymd (Y = Y0) P (V= Y12 (Y — V)
+07 (%5 Y0, Y05 > Y Y Y1 = ¥0)? -+ (¥ = y)?
+(x — x;)(p; [xi x5 Yol + 97 [xi5 X5 Y0, y11(y — o)
+ 0 [, x5 Y0, 5 Ymd(Y = Yo) (Y = Y1)
o7 [x5 X5 Y0, > Y Y1 = Y0) - (v — ¥m)), (4.2)

(x — Xi—1)2

@; (x,y)= , 1=1,-,n. (4.3)
' ‘:0?_1(35,)’)_13?_1(3(,}’)

R*(x,y) =polx,y) + (4.1)

Especially, let ¢5(x,y) = @o(x,y) = f(x,y).
Lemma 4.1. Suppose every p;(x,y) in (4.2) exists. Then R*(x,y) defined in (4.1) satisfies:
(D) R, y) = f(xy), =R G y) = felxpy), i=0,1,---,n,
(2) R*(x,y;)=R(x,y;), j=0,1,---,m.
Proof.

(1). (i) From (4.2), we have

pi(xi, ) =@ (xi, ¥0) + @F [xi5 Y0, Yol (¥ — ¥o) + ¢ [xi5 Y0, Yo, v11(¥ — ¥0)*
ot 0 X5 Y0, Yoo s Y Ymd (Y = Y02 (Y = Y1 )2 (Y = V)
+0I X5 Y0, Yoo 5 Yoo Ymo Y1 = Y0)? - (v — ym)?

By Definition 2.1, it follows
p:k(xp.)’):@;k(xu.)’), i:0)11'“1n' (4~4)

Let
(x — xs)2 (x — X5+1)2 (x — Xn—l)2
Pi (6 Y)+ Pl y) +---+ prlx,y)

Ri(x,y)=p;(x,y)+

2
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fors=0,1,---,n,t=s,s+1,---,n. According to (4.3) and (4.4), we derive

(x, — xs)2 (x, — Xt—1)2
R¥(x;,y) = pi(xpy) + ———— —_—
st st pr (e, )+ 4 pixs,y)
(x; — x;)? (x; —x.1)?
= pi(x,y)+ —
P (e, y) 44+ 9ilxe,y)
2 2
X, — X Xy — X4
— PG+ ) o = xo)

PG y) 4+ ex)?
i1, y)—p;_1 (xt,y)

== (x,¥)
Consequently,
R;k(xt).y):(p:(xt).y)) s=0,1,---,n, t=s,s+1,---,n. (4.5)

ChOOSing S= 03 we get R*(Xb .)’) = LPS(XLG .)’) = f(xi: J’)
(ii) From (2) of Lemma 2.2, it follows

2(x; — x0)R (3, ¥) — (; — XO)Z:_XPT(XD.Y)

o o .
——R(x;,y) = a—Po(Xi,J’)‘F

9x x RP(x;, )

~(x - xo)? 20x; — xR} (i, ¥) — (x; — x1)? Zp3(xi, y) _ ..
C R (xi, )

~(xi— x 22(xi - xi—l)P?(Xi,J’) —(x; — xi_l)zj—xpf(xi,y) “4.6)
l i P}kz(xi,J’) o

We get from (4.2),
o . o

Epi(xi;y) =[x, x;5y] = FI4 (x;, ¥)- 4.7)

Combining (4.3)-(4.7) and using the similar method used in the proof of (b) in
Theorem 2.1, we conclude that

i i
ER*(xi,y) = EWS(M’J’) = fo(x;,¥)

holds fori =0,1,--- ,n.
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(2). It can be verified that

(x — Xo)2 (x — X1)2 (x — Xn—1)2
R(x,y;) = po(x,y;) + — > (4.8)
PO T ey ) + ol yy) 4+ pa(6 )
(x — X0)2 (x— x1)2 (x— xn—1)2
R*(x,y;) = po(x,y;) + " —— 4.9
1 P T e G ) + PR ) o+ PG Y
pi(x, ¥;) = @i(x;, y;) + (x — x)wilxi, xi5 ¥5]
0
= pi(xpy;) +(x —xi)a%(xi,y]'), (4.10)
p;(x, ;) = @i (x, ;) + (x = x); [xi, x5 ¥5]
%}
=7 (x;, y) +(x _Xi)a‘:ozk(xia.)’j) (4.11)
For ‘PS(X,}’) = SOO(X:y): PO(X,.)’j) :PS(X,}’]) For
. (x — x)? (x — x)?
HENDES . . = p10%, ¥;),

(,Oé(x,y]) _pg(xiy]) B SOO(thj) _PO(X,.)’J')
o)
J ., 0
E%(X,J’j): E%(X,J’j)-
According to (4.10) and (4.11), we have p;(x, y;) = pj(x, y;). Similarly, we get
pl(xay]):p:k(xay])) i:0)11'“1n) j:OJ]-)"')ma
by (4.8) and (4.9). Thus R(x, y;) = R*(x, y;) holds for j =0,1,---,m.

Theorem 4.1. (Error estimation) Suppose D = [a,b] X [c,d], X, = {xg,x1, ", Xz} C
la,b] CR Y, ={y0,¥1, > ¥Ym} C [c,d] CR, H;”y =X, xY,, and f(x,y) € C>"*m*3(D).
Let R(x,y),R*(x,y), N(x,y),D(x,y),N*(x,y) and D*(x, y) be defined in Theorem 3.1 and
(4.1) respectively. Let

E(x).y) = D(X,J’)D*(X,J’)(f(xy.)’) _R(Xay)))
U, (x) = (x — x0)(x — x7) -+ (x — xp,),
VD= =) —y1) (¥ — Ym)-

Then

ui(x) 0%2E(E,y)  vu(y) 9™E(x,n)
(2n+2)!  gx?2nt2 (m+1) oymt!
() valy) 2MHE(E, )

(2n+2)! (m+1)! gx2n+2gym+l >
where £ € (a,b) and n € (¢, d).

E(x,y)=
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Proof. Let

El(X,J’) = D(X,.)’)D*(X,J’)(f(xd’) —R*(X,.)’)),
EZ(Xj.y) = D(x).y)D*(Xa.y)(R*(x).y) _R(x).y))

285

By (1) of Lemma 4.1, we have E;(x;,¥) =0, ;—XE1(X1‘,J’) = 0. Consequently,

u?(x) 9*"*2E (&, y)
(2n+2)!  9x2t2

El(xj.y) =

where u,(x) = (x — xg)(x — x1) -+ (x — x,,), & is located among x, X1,

From (2) of Lemma 4.1, it follows E5(x,y;) =0, j=0,1,--- ,m. So

5 _vp(y) 9™Ey(x, 1)
Z(Xa.y)_ (m+1)| aym_;’_]_ 5

where v, (y) = (¥ — ¥o)(y —y1) - (¥ — ¥m), 1 is located among y,, 1,

that

EZ(x’y) = D(X,}’)D*(X,J’)(R*(X,J’)—R(X,.)’))
= D(X,J’)N*(X,J’)—D*(X,J’)N(X,J’)
Hence,
0 Eo(x,y)=max{2n+1,2n+ 1} =2n+1,

which gives
9*2E(x,y)  9*"*?E;(x,y)
9 x2n+2 - 2 x2n+2

Combining (4.12)-(4.14), we derive

E(x).y) = El(xj.y) +E2(Xa.y)
wi(x) 0*IE(E,y)  v(y) 3™TEy(x,n)

(4.12)

shns e

(4.13)

-, ¥m>Y- Notice

4.14)

T 2n+2)  gxen? (m+1)! aymt!

_ () 9PPE(Ey) | ve(y) 9™FH(E(x,m) - Ei(x,n))
(2n+2)!  gx?2nt2 (m+1)! dym+l

_up(x) 9P2E(E,y) | vu(y) 9™ME(x,n)

T (2n+2)!  9x2n+2 (m+1) oymtl

_(m+1)!8ym+1 (2n+2)!  Jx2t2

_ w0 PPE(Ey) | valy) @MTUE(x,n)
(2n+2)!  9x2nt2 (m+1) ogymtl
() va(y) 9FMEE(E,n)
(2n+2)! (m+1)! 9x2n+2gym+l”

v(y) omt! [ u?(x) 82”“&(&'0)}
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Table 5.1: Data sets.

XOZZ

XOZZ

X1:3 X1:3

f(xo,.}’o) =15

fx(xO, _yo) = 0.9375

f(xl,yo):2.8182 fx(xl,yo)z 1.686

fy(x, o) =0.3125

fy(x1,¥0) =0.1074

f(xp,y1) =1.8889

fi(xg,¥1) =0.7037

f(xlx.yl):‘?’ fx(x1,_}’1)=1-5

fy(xO, yl) =0.4568

fy(x1,}’1) =0.25

5. Numerical example

Example 5.1. Suppose (x;,y;), f (x;,¥;), fr(x;, ;) and f,(x;,y;) are given in the Table
5.1. Let ¢o(x,y) = f(x,y). We want to find a polynomial py(x, y), such that

X0:2 XOZZ

Yo=2 | Po(2,2) = ¢o(2,2)=1.5 Zpo(2,2) = £ 9y(2,2) = 0.9375
Yo=2 | £-po(2,2) = Z-(2,2) = 03125
y1=3 | po(2,3) = ¢o(2,3) = 1.8889 Zpo(2,3) = £ pp(2,3) =0.7037

d d

Using Step 1 in Algorithm 2.1 gives

7 5 191 ) 19140298416325
Po(X,y) =g+ gy ¥ 5500 ~ 2 (_2251799813685248y
57420895248975 ) 14051 1169
+2251799813685248) =2y +(x~-2) (10000 B %y) '
Let ¢ (x,y) = #?Z(M' We wish to find a polynomial p,(x, y), such that
x1=3 x1=3
Yo=2 | p1(3,2) = ¢,(3,2) = 2.6269 Zp1(3,2) = £1(3,2) =0.0891
Yo=2 j—yp1(3,2) = %@1(3,2) =—0.1983
y1=3 | p1(3,3) = ¢1(3,3) = 2.4546 Zp1(3,3) = £ ¢(3,3) =0.1115
¥ = aiypl(s,s) = aiyapl(S,B) =—-0.1627

Using Step 2 in Algorithm 2.1 gives

6047 1983 936748722493067 .

— + —2)%+(-
2000 10000” | 36028797018963968" 2 ( 36028797018963968”
443 14

L A772616813333057 \ .
36028797018963968 | X 10000 6257 )

590872271111019

pl(x).y) =

. (x—2)?
Therefore R(x,y) = po(x,y) + p1(x,y)"

In Fig. 5.1, the interpolation function R(x, y) and the corresponding error function are
plotted. It is seen that the error is small, which implies that the proposed algorithm is
efficient.
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(b) Interpolating function R(x, y). (c) Error function.

x3+y?
3x+y ”

Fig. 5.1. (a) f(x,y)
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