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Abstract. We consider the Navier-Stokes system with non-Newtonian potential for
heat-conducting incompressible fluids in a domain Ω⊂R3. The viscosity, heat conduc-
tion coefficients and specific heat at constant volume are allowed to depend smoothly
on the density and temperature. We prove the existence of unique local strong solu-
tions for all initial data satisfying a natural compatibility condition. The difficult of this
type model is mainly that the equations are coupled with elliptic, parabolic and hyper-
bolic, and the vacuum of density cause also much trouble, that is, the initial density
need not be positive and may vanish in an open set.
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1 Introduction

The governing system of equations for a heat-conducting viscous fluids under the self-
gravitational force and outer power can be described by the model of the fluids dynamic,
that is, the incompressible full Navier-Stokes equations with non-Newtonian potential:

∂tρ+div(ρu)=0, (1.1)

divu=0, (1.2)

CV(∂t(ρθ)+div(ρuθ))−div(κ∇θ)=2µ|du|2+ρh, (1.3)

∂t(ρu)+div(ρu⊗u)−div(2µdu)+∇P+ρ∇Φ=ρ f , (1.4)

div[(|∇Φ|2+ε)
p−2

2 ∇Φ]=4πg
(

ρ− m0

|Ω|
)

, p>2, (1.5)
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in (0,T)×Ω together with the boundary and the initial conditions

(u,∇θ ·n,Φ)=(0,0,0), on ∂Ω×(0,T), (1.6)

(ρ,ρθ,ρu)=(ρ0,ρ0θ0,ρ0u0), in Ω. (1.7)

Here we denote by ρ,θ,u,P,Φ,g and f the unknown density, temperature, velocity, pres-
sure, non-Newtonian gravitational potential, gravitational constant and outer power, re-
spectively, and h is a heat source. du= 1

2 (∇u+∇Tu) is the deformation tensor. Eq. (1.5)
may be formulated as the Euler-non-Newtonian Poisson equation. We assume that vis-
cosity coefficient µ=µ(ρ,θ), specific heat at constant volume CV =CV(ρ,θ) and heat con-
ductivity κ=κ(ρ,θ) are positive functions of ρ and θ. Finally, (0,T)×Ω is the time-space
domain for the evolution of the fluid, where T is a finite positive constant and Ω is a
bounded domain with smooth boundary ∂Ω whose unit outward normal is n.

For Φ= 0, the problem has been studied by many authors [1–8]. Very recently, Cho
and Kim [9] showed that the problem has a unique local solution (ρ,u,P,θ) with the main
hypothesis

infρ0=0, in Ω, (1.8)

and some natural compatibility conditions:

−div(2µ0du0)+∇P0=ρ
1
2
0 g1,

−div(κ0∇θ0)−2µ0|du0|2=ρ
1
2
0 g2, (1.9)

for some P0 ∈ H1(Ω) and functions (g1,g2)∈ L2(Ω). And further they assume an addi-
tional condition, such that

0<µ,CV ,κ∈C1(R2), µ=µ(ρ,ρθ), CV =CV(ρ,ρθ), κ=κ(ρ,ρθ), (1.10)

for nonconstant coefficients.
The aim of this paper is to use the method of [9] to prove the existence of unique

local strong solutions to (1.1)-(1.7) with infρ0=0. Here it should be noted that, in [9], the
authors prescribed the homogeneous Dirichlet boundary condition for the temperature θ,
i.e. θ|∂Ω=0, instead of the homogeneous Neumann boundary condition, i.e. ∇θ·n|∂Ω=0,
for technical reasons, we will use a Poincaré type inequality [10, 11] to circumvent this
difficulty.

The following is our MAIN RESULT.

Theorem 1.1. Assume that the data (ρ0,u0,θ0,h, f ) satisfy the regularity condition

ρ0 ≥0, ρ0∈W1,q(Ω), θ0∈ H2(Ω), ∇θ0 ·n|∂Ω =0,

u0∈H2(Ω)∩H1
0(Ω), divu0=0, u0|∂Ω =0,

(h, f )∈C([0,T];L2(Ω))∩L2(0,T;Lq(Ω)), (ht, ft)∈L2(0,T;H−1(Ω)),


