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Abstract. In this present paper, we investigate the Cauchy problem for 3D incom-
pressible Boussinesq equations and establish the Beale-Kato-Majda regularity criterion
of smooth solutions in terms of the velocity field in the homogeneous BMO space.
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1 Introduction

This paper is devoted to establish BKM’s criterion of smooth solutions for the Cauchy
problem for 3D Boussinesq equations with viscosity in R3

ut+u·∇u−η△u+∇p= θe3, (1.1)

θt+u·∇θ−ν△θ=0, (1.2)

∇·u=0, (1.3)

t=0 : u=u0(x), θ= θ0(x), (1.4)

here u is the velocity field, p is the pressure, θ is the small temperature deviations which
depends on the density. η≥0 is the viscosity, ν≥0 is called the molecular diffusivity and
e3=(0,0,1)T . The above systems describe the evolution of the velocity field u for a three-
dimensional incompressible fluid moving under the gravity and the earth rotation which
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come from atmospheric or oceanographic turbulence where rotation and stratification
play an important role. When the initial density θ0 is identically zero (or constant) and
η=0, then (1.1)-(1.4) reduce to the classical incompressible Euler equation:

ut+u·∇u+∇p=0, (1.5)

∇·u=0, (1.6)

u(x,t)|t=0=u0(x). (1.7)

For the incompressible Euler equation and Navier-Stokes equation, a well-known cri-
terion for the existence of global smooth solutions is the Beale-Kato-Majda criterion in [1]
which states the control of the vorticity when ω= curl u in L1(0,T;L∞), this is sufficient
to get the global well-posedness of solutions, i.e., any solution u is smooth up to time T

under the assumption that
∫ T

0 ‖∇×u(t)‖L∞ dt<+∞. Kozono and Taniuchi [2] improved

the Beale-Kato-Majda criterion under the assumption
∫ T

0 ‖∇×u(t)‖BMOdt < +∞. The
regularity criteria for the Navier-Stokes equations, we can refer to Bahouri, Chemin and
Danchin [3], Cao and Titi [4], Kato and Ponce [5], Kozono and Taniuchi [2], Zhou [6, 7],
Zhou and Lei [8], Zhang and Chen [9].

The global well-posedness for two-dimensional Boussinesq equations which has re-
cently drawn a lot of attention. More precisely, the global well-posedness has been shown
in various function spaces and for different viscosity, we can refer to [10–20]. When
η = ν = 0, the Boussinesq system exhibits vorticity intensification and the global well-
posedness issue remains an unsolved challenging open problem (if θ0 is a constant) which
may be formally compared to the similar problem for the three-dimensional axisymmet-
ric Euler equations with swirl.

For the three-dimensional case, Hmidi and Rousset [16, 17] proved the global well-
posedness for the 3D Navier-Stokes-Boussinesq equations and Euler-Boussinesq equa-
tions with axisymmetric initial data without swirl respectively. Danchin and Paicu [12]
obtained the global existence and uniqueness result in Lorentz space for the Boussinesq
equations with small data.

Our purpose of this paper is to obtain logarithmically improved regularity (BKM’s)
criterion of smooth solutions in terms of velocity field in BMO space.

Now we state our result as follows.

Theorem 1.1. Assume that (u0,θ0)∈Hm(R3) holds with divu0=0 and m≥3. If u satisfies the
condition

∫ T

0

‖∇×u(t)‖BMO
√

ln(e+‖∇×u(t)‖BMO)
dt<+∞, (1.8)

then the solution (u,θ) for the Cauchy problem (1.1)-(1.4) can be extended smoothly beyond T.

The paper is organized as follows. We shall state some important inequalities in Sec-
tion 2 and prove Theorem 1.1 in Section 3.


