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SHORT COMMUNICATION SECTION

Some Geometric Flows on Kihler Manifolds
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Abstract. We define a kind of KdV (Korteweg-de Vries) geometric flow for maps from
a real line or a circle into a Kdhler manifold (N,],h) with complex structure | and
metric & as the generalization of the vortex filament dynamics from a real line or a
circle. By using the geometric analysis, the existence of the Cauchy problems of the
KdV geometric flows will be investigated in this note.
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1 The definition of some geometric flow

Let (N,],h) be a Kdhler manifold with complex structure | and metric h. For any smooth
map u(x,t) from S! xR into (N,],h), let V, denote the covariant derivative V 2 on the

pull-back bundle u~!TN induced from the Levi-Civita connection V on N. For ;he sake
of convenience, we always denote V,u and V;u by u, and u; respectively. The energy of
a smooth map v:S! — N is defined as

1
Ei(v)= 5/51 o, |2dx,

and the tension field of v is written by 7(v) =V, v,.
For the maps from a unit circle S! or a real line R into N, we define a class of geometric
flows, which we would like to call KdV geometric flow (Korteweg-de Vries), as follows:

1
_:viux'i'ER(”x/]uux)]uux/ (1.1)
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where R is the curvature tensor on N and J, =] (u). If (N,],h) is a locally Hermitian sym-
metric space, it is easy to verify that the geometric flow is an energy conserved system.
Moreover, the flow on any Kéhler manifold N always preserves the following moment
density

Ep(u) E/(qux,]ux>dx.

Let (X,h) be a Riemann surface. It is easy to verify that on X there holds true

R(uty, Jutiy) Juttx = K(u) ’”Jc|2”x'

where K(-) is the Gauss curvature (sectional curvature) function on (X,4). So, the KdV
geometric flow from S! or R into (£,h) can be written by

ou 1
§:V§ux+51<(u)]ux|2ux. (1.2)
It is not difficult to see that in the case . is a 2-dimensional sphere S? the above KdV flow
can be derived from the following curve flow u from S! xR or R x R into Euclidean space
R3
3
uz‘:us><uss‘i‘,3<usss‘|‘§uss>< (us xuss)>/ (1.3)

where x denotes the cross product in R3. For the mechanical background of the curve
flow we refer to [2-4].

Now we recall another geometric flow, namely Schrodinger flow, from S xR or RxR
into a Kihler manifold (N,],h) formulated by (see, e.g., [5-8])

o )Vt = () e(u), (14
which is a Hamilton system with the energy functional.

Here we should mention that Terng and Uhlenbeck [9] constructed via gauge transfor-
mations an isomorphism from the phase space of Schrodinger flow from R into a Grass-
mann manifold to the phase space of the matrix valued Schrodinger equation so that the
Schrodinger flow corresponds to the matrix valued Schrodinger flow. In fact, The theory
of Terng and Uhlenbeck also implies that the above KdV geometric flow from R into a
Grassmann manifold corresponds to the matrix valued KdV flow associated Grassman-
nian symmetric Lie algebra. Matrix valued Schrodinger equations and KdV flows (or
vector valued mKdV equation) associated Hermitian symmetric spaces (Lie algebra) was
introduced in [4] and [10].

We define another geometric flow for maps from S! or R into a Kéhler manifold
(N,],h) as follows

ut:“]ur(u)'i'ﬁ (viux'i'%R(uxJuux)]uux)/ (1.5)



