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Abstract. In this paper, by establishing the boundedness of singular integral operators
with variable kernels and their commutators with BMO functions on Morrey spaces of
homogeneous groups, we prove a local a prior estimate in Sobolev-Morrey space for
solutions to the nondivergence parabolic equation with discontinuous coefficients.
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1 Introduction

In recent years, there has been extensive study on a priori estimates for partial differ-
ential operators by using singular integral theory (see [1–3]). For example, authors in
[4–7] proved Morrey estimates for nondivergence elliptic operators with discontinuous
coefficients on Euclidean spaces. Bramanti and Brandolini proved Schauder estimates
for parabolic operators of Hörmander type in [8] and Lp-estimates for hypoelliptic oper-
ators of Hörmander type in [9], respectively. The Lp-estimates and Morrey estimates for
ultraparabolic operator of Kolmogorov-Fokker-Planck type

L=
q

∑
i,j=1

aij(x,t)∂xi
∂xj

+
N

∑
i,j=1

xibij∂xj
−∂t, (x,t)∈R

N+1 (1.1)

were considered in [10] and [11], respectively, where the coefficients aij ∈VMO∩L∞(Ω),
{bij} is a constant real matrix with a suitable upper triangular structure. The class of
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operators (1.1) contains prototypes of the Fokker-Planck operators describing Brownian
motions of a particle in fluid, as well as Kolmogorov operators depicting systems with
2n degrees of freedom (see [12]).

Let aij = δij, Xi = ∂xi
, and X0 = ∑

N
i,j=1 xibij∂xj

−∂t. Then (1.1) becomes a hypoelliptic
operator

L=
q

∑
i,j=1

X2
i +X0,

where X0,X1,··· ,Xq satisfy the Hörmander condition, i.e., the Lie algebra generated at
every point by the fields X0,X1,··· ,Xq is RN+1. In [12], the Lp-estimate for the following
operator on homogeneous groups

L=
q

∑
i,j=1

aijXiXj+a0X0,

was proved, where a0, aij ∈ VMO∩L∞(Ω) and vector fields X0, X1, ··· ,Xq satisfy the
Hörmander condition.

The aim of this paper is to establish Morrey estimates for nondivergence parabolic
operators with discontinuous coefficients and lower order terms on homogeneous groups

H=
q

∑
i,j=1

aij(z)XiXj+
q

∑
i=1

bi(z)Xi+c(z)−∂t , z=(x,t)∈R
N+1, (1.2)

where X1,··· ,Xq are the first layer of the basis of vector fields of homogeneous groups,
the coefficients aij,bi,c satisfy the following several assumptions:

• (H1) uniform ellipticity condition: aij(z)∈L∞(Ω), Ω⊂RN+1 and there exists µ>0

such that
1

µ

q

∑
j

ζ2
j ≤

q

∑
i,j

aij(z)ζiζ j ≤µ
q

∑
j

ζ2
j , ∀(ζ1,··· ,ζq)∈R

q.

• (H2) very weak regularity condition: aij(z) ∈ VMO(Ω) (the function space of
“Vanishing Mean Oscillation” (see Definition 2.3 below)).

• (H3) the coefficients bi(z) and c(z) are measurable functions in Ω,

bi(z)∈

{

LQ+2, p+λ≤Q+2,

Lp,λ, p+λ>Q+2,
c(z)∈

{

L
Q+2

2 , 2p+λ≤Q+2,

Lp,λ, 2p+λ>Q+2.

Let

H=
q

∑
i,j=1

aij(z)XiXj−∂t. (1.3)


