
J. Partial Diff. Eqs. 21(2008), 377–383

c©Editorial Board of JPDE and

International Academic Publishers Ltd Vol.21 No.4

GLOBAL EXISTENCE AND EXTINCTION FOR A

DEGENERATE NONLINEAR DIFFUSION PROBLEM WITH

NONLINEAR GRADIENT TERM AND ABSORPTION

Si Xin

(Department of Mathematics and Physics, Xiamen University of Technology,
Xiamen 361005, China)

(E-mail: xinsi2000@163.com)
(Received Mar. 13, 2007)

Abstract Existence and extinction in finite time of global weak solutions for the
problem (P) are proved.

Key Words Degenerate nonlinear diffusion equation; gradient term; global exis-
tence; extinction.

2000 MR Subject Classification 35K65, 35K55.
Chinese Library Classification O175.29.

1. Introduction

We consider the following degenerate nonlinear diffusion problem with a nonlinear

gradient term and absorption

(P )











ut = ∆um − λup + |∇uα|q in Q = Ω × (0,∞)

u(x, t) = 0 on S = ∂Ω × (0,∞)

u(x, 0) = u0(x) in Ω

where Ω is a bounded domain with smooth boundary in R
N , m ≥ 1, p > 0, λ > 0, 1 ≤

q < 2, α > m
2 and 0 ≤ u0 ∈ L∞(Ω).

With regard to the equation (P) for the case m = α = 1, several authors have

studied the existence of global and nonglobal positive solutions and total extinction

in the finite time under certain assumptions on p, q, λ,N and Ω. (see [1], [2] and the

reference therein in [3]).

On the other hand,the existence of the solutions of the equations

ut = ∆um + |∇uα|q and ut = ∆um + up − |∇uα|q

has been studied in [4] and [5] respectively under some some assumptions on initial

data, p, q, λ,N and Ω. (cf. the reference therein in [3], [6] and [7]).

The aim of this paper is to prove the existence of global weak solutions and extinc-

tion properties of solutions for a degenerate nonlinear diffusion problem with (P) under

some assumptions.
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This paper is structured as follows. In the next section we establish the existence of

global weak solutions. In the third section we prove the total extinction in finite time.

2. Existence of Global Weak Solutions

In this paper, we use the following definition of weak solution.

Definition Given 0 ≤ u0 ∈ L∞(Ω) by a weak solution of the problem (P ) on

QT we mean a function u ∈ L∞(Ω × (0, T )) such that um ∈ L2(0, T ;H1
0 (Ω)), uα ∈

Lq(0, T ;W 1,q
0 (Ω)) and satisfies the identity

∫

QT

−uϕt + ∇um · ∇ϕ + λupϕ − |∇uα|qϕ =

∫

Ω
u0(x)ϕ(x, 0)dx

for any test function ϕ ∈ L2(0, T ;H1
0 (Ω))∩W 1,2(0, T ;L2(Ω))∩L∞(QT ) with ϕ(T ) = 0.

We shall say that u is a global weak solution of the problem (P ) if u is a weak solution

on QT for all positive T .

Let us now state our existence result.

Theorem 2.1 Given 0 ≤ u0 ∈ L∞(Ω) there exists a global weak solution of problem

(P ) such that

‖u‖L∞(Ω) ≤ C(‖u0‖L∞(Ω))

In proving the existence of the solution of (P) one standard approach is to approx-

imate the problem with a sequence of nondegenerate problems which can be solved in

a classical sense. We can find the functions u0n ∈ C∞

0 (Ω) satisfying

u0n ≥
1

n
, ‖u0n‖L∞(Ω) ≤ ‖u0‖L∞(Ω) + 1,

and

‖u0n − u0‖L1(Ω) → 0 as n → ∞.

Consider the approximated problems

(Pn)



















(un)t = ∆um
n − λup

n + |∇uα
n|

q + λ(
1

n
)p in QT = Ω × (0, T )

un =
1

n
on ST = ∂Ω × (0, T )

un(x, 0) = u0n(x) in Ω.

The existence of a smooth solution un to (Pn) follows from standard parabolic theory.

Proposition 2.1 Let un be the solution of the problems (Pn).Then there exists a

constant C depending only on ‖u0‖L∞(Ω),such that

1

n
≤ un ≤ C. (2.1)

Proof By maximum principle we can get (2.1).


