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Abstract In this note, we consider positive entire large solutions for semilinear
elliptic equations Au = p(x)f(u) in RY with N > 3. More precisely, we are interested
in the link between the existence of entire large solution with the behavior of solution
for —Au = p(z) in RY. Especially for the radial case, we try to give a survey of all
possible situations under Keller-Osserman type conditions.
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1. Introduction
We study the semilinear elliptic equation

Au = p(z)f(u) (1)

in the whole space RY with N > 3, we are interested in the existence of positive
solutions such that limj, . u(z) = oo, the so called positive entire large solutions
(ELS for shortness). Here p is a nontrivial nonnegative continuous function defined in
RN For fixing the idea, we assume always in this paper that

(H) f is continuous, nondecreasing and positive in (0, c0).
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When p(z) = 1, thanks to the famous works of Keller [1] and Osserman [2], the
existence of positive large solutions on regular bounded domains €2 is well understood
now. That is, assuming moreover f(0) = 0 and f is locally lipschitz in R, to get a
positive solution of Au = f(u) in @ cc RN with lim,_g0 u(z) = oo, the sufficient and
necessary condition is

> dt
where

F(t):/0 f(s)ds.

A lot of works has been done to consider the blow-up solutions for non autonomous
situation Au = p(z) f(u) with a general bounded domain of RY. The existence, unique-
ness or multiplicity, the asymptotic behavior or symmetry of large solution to (1) are
somehow well understood now, when Q cC RY. Conversely, the general situation of
ELS seems to be very open, even for the existence problem. Interested readers can find
some recent developments in works listed at the end, and the references therein.

Many authors remarked that in the whole space situation, i.e. Q = R, another
quantity seems to play also an important role, which is

o dt

I:= TR (3)

The following lemma was given first in [3]. For the sake of completeness, we show
here a short proof. In this note, C' (or C, C3) denotes a general positive constant, it
could be changed from one line to another.

Lemma 1.1 If f is positive in (0,00) and nondecreasing near oo, then TF <0
implies that Iy < oo.
Proof Since F is nondecreasing, it is well known that 7 7 < oo yields
t
=0
VE(?)

So there exists some to > 0 such that t?> < F(t) for all t > t5. As f is nondecreasing
near oo, for t > t( large enough, we get F(t) < 2tf(t) ,

lim
t—oo

1 2
F(t) <24/F(t)f(t), hence — < — in [tg,00).
(t) <2/ F(t)f(t) FSUF [to, 00)
Therefore, we need to discuss three different cases: Iy = oo; Z 5 = oo but Zy < o0;
or Z\/F < 00.

As far as we know, no work has been done to give an exhaustive consideration for
the three situations, even for the radial solution case. This is the main purpose of our
study here.



