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Abstract This paper is concerned with the oscillations of neutral hyperbolic par-
tial differential equations with delays. Necessary and sufficient conditions are obtained
for the oscillations of all solutions of the equations, and these results are illustrated by
some examples.
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1. Introduction

The oscillatory properties of partial differential equations with delays are applied
widely in many fields, such as in biology, engineering, medicine, physics, chemistry and
etc. In recent years, the discussion about these properties has become a hot topic. At
the same time, many sufficient conditions for oscillations are obtained. We mention here
[1,2,3]. However, only a few necessary and sufficient conditions for oscillations of such
equations are established, in particular, about the hyperbolic differential equations. In
this paper, our aim is to study the necessary and sufficient conditions for oscillations
of all solutions about the hyperbolic partial differential equation
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with the boundary conditions as follows

u(t, x) = 0, (t, x) ∈ R+ × ∂Ω, (2)

∂u

∂n
= 0, (t, x) ∈ R+ × ∂Ω, (3)

where Ω is a bounded domain in Rn with a piecewise smooth boundary ∂Ω, G ≡ R+×Ω.
Throughout this paper we assume the conditions (H) are satisfied: pi(t), qj(t) ∈

C(R+, R); a0(t), ak(t), rs(t), σi(t), τj(t), ρk(t), µs(t) ∈ C(R+, (0,∞)); 0 < σi(t) ≤ σ, 0 <

τj(t) ≤ τ, 0 < ρk(t) ≤ ρ, 0 < µs(t) ≤ µ, where σ, τ, ρ, µ = const.,i ∈ {1, 2, · · · ,m} =
Im, j ∈ In, k ∈ Il, s ∈ Ih.

A solution u(t, x) of the problem (1),(2)(or (1),(3)) means that u(t, x) ∈ C2(G) ∩
C1(G) and satisfies equation (1) in the domain G and the boundary (2)(or (3)); the
solution u(t, x) of the problem (1),(2)(or (1),(3)) is called to be oscillatory in the domain
G if for any number T > 0, there exists a point (t0, x0) ∈ [T,∞) × Ω such that
u(t0, x0) = 0 holds.

2. Main Results

Now we investigate the necessary and sufficient conditions for oscillations of prob-
lems (1),(2) and (1),(3). The following lemmas are useful in the proof of our main
results.

Lemma 1 Let b be a constant, b0 be the minimum eigenvalue of the problem
{

∆ϕ(x) + bϕ(x) = 0, x ∈ Ω;
ϕ(x) = 0, x ∈ ∂Ω,

and ϕ(x) be its corresponding characteristic function. Then b0 > 0 and ϕ(x) > 0 for
x ∈ Ω.

Lemma 2 The necessary and sufficient condition for oscillations of all solutions
of the neutral differential equation (4) is that its characteristic equation F (λ) = 0 has
no real roots.
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where pi, rj ∈ R, τi, qk > 0, µj , σk ≥ 0 are all constants,i ∈ Im, j ∈ In, k ∈ Id.

The proof of Lemma 2 is similar to references [4,5]. We omit it here.


