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Abstract We study global well-posedness below the energy norm of the Cauchy
problem for the Klein-Gordon equation in Rn with n ≥ 3. By means of Bourgain’s
method along with the endpoint Strichartz estimates of Keel and Tao, we prove the
Hs-global well-posedness with s < 1 of the Cauchy problem for the Klein-Gordon
equation. This we do by establishing a series of nonlinear a priori estimates in the
setting of Besov spaces.
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1. Introduction and the Main Result

Recently, a large amount of work has been devoted to the study of the Cauchy
problem for the semilinear wave equation

utt −4u = −|u|ρ−1u, (t, x) ∈ R×Rn, n ≥ 3, (1.1)
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u(x, 0) = φ(x), x ∈ Rn, (1.2)

ut(x, 0) = ψ(x), x ∈ Rn (1.3)

in energy space, that is, for initial data (φ, ψ) ∈ H1(Rn) × L2(Rn), where ρ > 1 and
Hs(Rn) = (1 −∆)−s/2L2(Rn) for s ∈ R. For example, the global well-posedness, the
scattering theory as well as regularity of solutions to the Cauchy problem (1.1)-(1.3)
have been established in, e.g. [1, 2], [3-7],[8, 9] and [10-12] for the case of sub-critical
growth 1 < ρ < 1 + 4/(n− 2) or in, e.g. [7, 13] and [9, 14, 15] for the case of critical
growth ρ = 1+4/(n− 2). However, certain questions remain open. For example, when
ρ > 1 + 4/(n− 2), it is not yet clear whether or not there exists a global, regular,
solution to the Cauchy problem (1.1)-(1.3) with arbitrary initial data.

On the other hand, the local well-posedeness (as well as global well-posedness with
small initial data in the critical growth case) in fractional Sobolev spaces has also been
studied recently by many authors for the Cauchy problem of general semi-linear wave
equations including (1.1)-(1.3) under minimal regularity assumptions on the initial data
(see, e.g. [16], [17-20] and [9, 21, 22].However, very few authors have undertaken a study
of global well-posedness below the energy norm of Cauchy problems with less regular
initial data. In [23, 24], Bourgain established the global well-posedness of the Cauchy
problem of nonlinear wave or dispersive wave equations for rough initial data (with
infinite energy) for the first time. Bourgain’s method has been further developed to
prove the global well-posedness below the energy norm of the Cauchy problem for the
modified KdV equation in [25] and for the semi-linear wave equation (1.1)-(1.3) under
minimal regularity assumptions on the data in the three-dimensional case in [26]. It
should be pointed out that Keel and Tao have recently proposed a different approach
to the study of both local and global well-posedness below the energy norm for the
wave map equation [27, 28] and the Yang-Mills equation [29].

In this paper we consider the following Cauchy problem for the Klein–Gordon equa-
tion:

utt −4u+m2u = −|u|ρ−1u, (t, x) ∈ R×Rn, n ≥ 3, m 6= 0, (1.4)

u(x, 0) = φ(x), x ∈ Rn, (1.5)

ut(x, 0) = ψ(x), x ∈ Rn, (1.6)

and establish the global well-posedness below the energy norm for the Cauchy problem
in the case of general spatial dimensions.

To deal with the case of general spatial dimensions, we have to develop some a priori
nonlinear estimates in Besov spaces. Our purpose is to give a unified method to deal


