J. Math. Study Vol. 48, No. 3, pp. 290-305
doi: 10.4208 /jms.v48n3.15.07 September 2015

Elliptic Systems with a Partially Sublinear Local Term

Yongtao Jing and Zhaoli Liu*

School of Mathematical Sciences, Capital Normal University, Beijing 100048,
P. R. China

Received 9 April, 2015; Accepted 13 May, 2015

Abstract. Let 1 <p <2. Under some assumptions on V,K, existence of infinitely many
solutions (u,¢) € H'(IR?) x D'?(R3) is proved for the Schrodinger-Poisson system

—Au+V(x)ut+u=K(x)|ulf2u inR
{ ~Ap=u* inR3
as well as for the Klein-Gordon-Maxwell system
—Au+[V(x)— (w+ep)u=K(x)|u|P"2u inR>
{ —Ap+eutp=—ewu® inR3,
where w, e>0. This is in sharp contrast to D’ Aprile and Mugnai’s non-existence results.
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1 Introduction and main results

In this paper, we study existence of infinitely many solutions (u,¢) € H!(R%) x D12(R3)
to the Schrodinger-Poisson system
{—Au—l—V(x)u—l—c])u:K(x)]uV’_zu in R?, a1
—~Ap=u* inR3
for1<p<2.

This system has a wide background in physics. It is reduced from the Hartree-Fock
equations by a mean field approximation ([9, 10]). It also describes the Klein-Gordon or
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Schrodinger fields interacting with an electromagnetic field ([3]). The related Thomas-
Fermi-von Weizsdcker model describes the ground states of nonrelativistic atoms and
molecules in the quantum mechanics ([1]).

In [2], D’ Aprile and Mugnai prove that if V=1=K then (1.1) has no nontrivial solution.
In the present paper we prove that if V is a potential well and K is positive somewhere
in IR? then (1.1) has infinitely many nontrivial solutions. To be more precise, as a special
case of our main results, we will show that the system has infinitely many solutions
provided that V,K € C(IR3,R), infV > —o0, there is R >0 such that V(x) >0 for |x| > R,
f‘x‘> R V-1 <o, K is bounded, and there exists xo € R? such that K(x() > 0. In fact, one of
our main theorems states a much more general result for a more general system.

We will consider the more general system
—Au+V(x)ut+¢u=f(x,u) inR3

(1.2)
—Ap=u> inR5

To state our main result, we need the following assumptions:

(V) VeC(R3,R), infV > —oc0, there is R >0 such that

V(x)>0 for |x| >R, V<.

[x|>R

(F) There exist positive numbers § and ¢ and p € (1,2) such that f € C(R®x [-4,5],R),
f(x,t)isoddin t,
ft)| <cltP™" for [t <,

and there exist xo € R® and 7> 0 such that

limF(x,t) /1> =0
t—0

uniformly in x € B,(x0) :={x €R3 | |x—x¢| <7}, where F(x,t) = fotf(x,s)ds.

Theorem 1.1. Under (V) and (F), (1.2) has infinitely many nontrivial solutions in H' (IR%) x
D!2(R3).

Assumption (V) makes V look like a well-shaped potential. Note that the nonlinear
term f(x,t) in assumption (F) is defined only for |t| <J. Accordingly, the L®(IR®) norm
of uin (u,¢), the solution we will obtain, will have to be less than ¢.

From (V) and (F), it is without loss of any generality to assume further in Theorem 1.1
that

infV >0 and /3V‘1 < oo, (1.3)
R



