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Abstract

The convergence rate of a generalized additive Schwarz algorithm for solving boundary
value problems of elliptic partial differential equations is studied. A quantitative analysis
of the convergence rate is given for the model Dirichlet problem. It will be shown that a
greater acceleration of the algorithm can be obtained by choosing the parameter suitably.
Some numerical tests are also presented in this paper.
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1. Introduction

A classical mathematical approach, the Schwarz alternating algorithm (see, e.g., in [12]),
appears to offer promise for the parallel solution of the very large systems of linear or nonlinear
elliptic problems in elasticity, fluid dynamics or other important areas. Its advantage in par-
allelism, wide applicability and great flexibility in implementation make Schwarz algorithm a
competitive technique in parallel computations. As a result, Schwarz algorithms have attracted
much attention from researchers in the field of parallel computation as well as theoreticians.
The early contributions relating to Schwarz algorithms can also be seen in [9, 10, 14]. Some
recent progress in this field can be seen in [8, 11, 13] and the references therein.

A generalized additive Schwarz algorithm is presented in the paper. The approach uses robin
condition on the inner boundaries of the subproblems. The use of Robin boundary condition as
interfacial transmission conditions in domain decomposition was introduced by P. L. Lions in
[7]. Various aspects of such methods have been discussed in [1, 2, 3, 4, 5, 6, 15, 16]. Numerical
experiments reported in [1, 2, 3, 6, 15, 16] show that the generalized Schwarz algorithms with
appropriate parameters can accelerate the convergence dramatically. The aim of this paper is to
study the convergence rate of a generalized additive Schwarz algorithm for model problems. A
quantitative analysis of the convergence rate for model Dirichlet problems and some numerical
results are presented in this paper.

The paper is organized as follows: In Section 2, we introduce a generalized additive Schwarz
algorithm. In Sections 3 and 4, we discuss the convergence rate of the generalized additive
Schwarz algorithm for one and two dimensional Dirichlet problem respectively. Finally, in
Section 5, we give some preliminary numerical results.

2. A Generalized Additive Schwarz Algorithms

Before proceeding, let us introduce a generalized version of additive Schwarz algorithm. We
consider the Dirichlet problem for a second order elliptic operator L:

{

Lu(x) = 0, x ∈ Ω,
u(x) = ψ(x), x ∈ ∂Ω,

(2.1)

∗ Received September 28, 2004; final revised Dcecmber 12, 2005.
1) This work was supported by 973 project granted 2004CB719402 and national nature science foundation

granted 10371035.



636 J.P. ZENG AND G.J. CHEN

where, Ω is a bounded domain in d-dimensional space (d = 1, 2, 3), ∂Ω is the boundary of Ω,
ψ is a given function of L2(Ω) and x = (x1, . . . , xd) is the independent variable. To simplify
discussion, we consider a case for two subdomians. We also assume that the solution to this
problem exists and is unique.

We decompose the solution domain Ω into two overlapping subdomains Ω1 and Ω2. That
is Ω = Ω1 ∪ Ω2 and Ω12 = Ω1 ∩ Ω2 6= ∅. Denote by Γ1 = ∂Ω1 ∩ Ω and Γ2 = ∂Ω2 ∩ Ω the inner
boundaries of Ω1 and Ω2, respectively.

Denote u1 and u2 as the restrictions of the solution u of problem (2.1) on subdomain Ω1

and Ω2, respectively. Then, the following couplings

g1(u1)|Γ1
= g1(u2)|Γ1

and
g2(u2)|Γ2

= g2(u1)|Γ2

are true on the inner boundaries Γ1 and Γ2, where

gi(v) = αiv + βi
∂v

∂ni
, i = 1, 2. (2.2)

Here, for i = 1, 2, αi ∈ [0, 1], βi = 1 − αi, and ni is the outer unit normal direction of ∂Ωi.
With these new couplings we can formulate two coupled subproblems as follows:







Lu1(x) = 0, x ∈ Ω1,
u1(x) = ψ(x), x ∈ ∂Ω1 ∩ ∂Ω,
g1(u1(x)) = g1(u2(x)), x ∈ Γ1,

(2.3)







Lu2(x) = 0, x ∈ Ω2,
u2(x) = ψ(x), x ∈ ∂Ω2 ∩ ∂Ω,
g2(u2(x)) = g2(u1(x)), x ∈ Γ2.

(2.4)

We have the following result (see in [15]).

Theorem 2.1. If the boundary value problem















Lw(x) = 0, x ∈ Ω12,
w(x) = 0, x ∈ ∂Ω12\(Γ1 ∩ Γ2),
g1(w(x)) = 0, x ∈ Γ1,
g2(w(x)) = 0, x ∈ Γ2

(2.5)

has only trivial solution and the solutions u1, u2 of (2.3) and (2.4) exist, then

1. u1(x) = u2(x) if x ∈ Ω12.

2. u(x) = u1(x) if x ∈ Ω1 and u(x) = u2(x) if x ∈ Ω2,

where u is the solution of (2.1).

The original form of additive Schwarz algorithm consists of the following steps.
Let u0 be an initial function defined on Ω̄ such that u0 −ψ vanishes on ∂Ω. Set u0

1 = u0|Ω1
,

u0
2 = u0|Ω2

. For k > 0, we define independently the following two sequences respectively:







Luk+1
1 (x) = 0, x ∈ Ω1,

uk+1
1 (x) = ψ(x), x ∈ ∂Ω1 ∩ ∂Ω,

uk+1
1 (x) = uk

2(x), x ∈ Γ1,

(2.6)


