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Abstract

In this paper we present some new absolute and relative perturbation bounds for the
eigenvalue for arbitrary matrices, which improves some recent results. The eigenvalue
inclusion region is also discussed.
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1. Introduction

Let A be an n× n matrix and Ã = A + E whose spectrum are {λ1, ..., λn} and {µ1, ..., µn},
respectively. Let ‖·‖F and ‖·‖2 denote the Frobenius norm and the spectral norm, respectively.
For a positive integer n, let 〈n〉 = {1, 2, ..., n}.

Classical absolute type perturbation bounds were established by the well-known Hoffman-
Wielandt theorem [1]. When A and Ã are normal matrices, there exists a permutation τ of 〈n〉
such that √√√√

n∑

i=1

|µτ(i) − λi|2 ≤ ‖E‖F . (1.1)

In the case that A is normal but Ã is arbitrary, Sun proved [2,3] that there exists a permutation
τ of 〈n〉 such that √√√√

n∑

i=1

|µτ(i) − λi|2 ≤
√

n‖E‖F . (1.2)

The factor
√

n in (1.2) is optimal in some sense [2]. Furthermore, Song [4] studied the more
general case. For two arbitrary matrices, he obtained

√√√√
n∑

i=1

|µτ(i) − λi|2 ≤
√

n(1 +
√

n − p)max
{
‖Q−1EQ‖F , ‖Q−1EQ‖1/m

F

}
(1.3)

and
|µτ(i) − λi| ≤

√
n(1 +

√
n − p)max

{
‖
√

nQ−1EQ‖2, ‖
√

nQ−1EQ‖1/m
F

}
(1.4)

where Q−1AQ = diag(J1, ..., Jp) defines the Jordan form of A and m is the order of the largest
Jordan block.
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As well known for any matrix Ã ∈ Cn×n, there is a unitary matrix U such that U∗ÃU =
diag(Ã1, ..., Ãs), where Ãi is an upper triangular matrix, i = 1, ..., s. In [5] the authors showed

that if A is normal then for any matrix Ã there exists a permutation τ such that
√√√√

n∑

i=1

|µτ(i) − λi|2 ≤
√

n − s + 1||E‖F . (1.5)

It is noted that s in (1.5) is not unique. In fact, it need not to decompose Ã so that Ãi is upper

triangular. Now let Ã ∈ Cn×n, we denote by s(Ã)

s(Ã) = max
U is unitary

{q : U∗ÃU = diag(Ã1, ..., Ãq), Ãi is square, i = 1, ..., q}. (1.6)

This means that s(Ã) is the most diagonal block numbers for which Ã is unitarily similar to

a block diagonal matrix. Hence s(Ã) exists and is unique for any matrix, and for any unitary

matrix Q, s(Q∗ÃQ) = s(Ã) ≥ 1. Notice if Ã is normal, then s(Ã) = n.
By (1.5) it is easy to prove the following result.

Theorem 1.1. Let s(Ã) be given by (1.6), and let A be normal. Then for any matrix Ã there
exists a permutation τ such that

√√√√
n∑

i=1

|µτ(i) − λi|2 ≤
√

n − s(Ã) + 1||E‖F . (1.7)

In this paper, we shall improve the bounds in (1.3) and (1.4) for arbitrary matrices Ã and
A based on Theorem 1.1. The relative bound and the eigenvalue inclusion region are also
considered.

2. The Absolute Bound

First we write A into its Jordan canonical form

Q−1AQ = J = diag(J1, ..., Jp), (2.1)

where Ji be an mi × mi Jordan block matrix with the form

Ji =




λi 1 0

λi
. . .

. . . 1
0 λi




, i = 1, ..., p.

For ε 6= 0, let

T = diag(T1, ..., Tp), Ti = diag(1, ε, ε2, ..., εmi−1), i = 1, ..., p. (2.2)

Then from (2.1) it is easy to check that

T−1Q−1AQT = Λ′ + ∆′
ε,

where Λ′ = diag(λ1Im1
, ..., λpImp

), ∆′
ε = diag(∆′

1, ..., ∆
′
p) and

∆′
i =




0 ε 0

0
. . .

. . . ε

0 0




mi×mi

, i = 1, ..., p.


