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Abstract

This paper presents the stability of difference approximations of an optimal control
problem for a quasilinear parabolic equation with controls in the coefficients, boundary
conditions and additional restrictions. The optimal control problem has been convered to
one of the optimization problem using a penalty function technique. The difference ap-
proximations problem for the considered problem is obtained. The estimations of stability
of the solution of difference approximations problem are proved. The stability estimation
of the solution of difference approximations problem by the controls is obtained.
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1. Introduction

Optimal control problems for partial differential equations are currently of much interest.
A large amount of the theoretical concept which governed by quasilinear parabolic equations
[1-4] has been investigated in the field of optimal control problems. These problems have
dealt with the processes of hydro- and gasdyn amics, heatphysics, filtration, the physics of
plasma and others [5-6]. Difference methods of solution of optimal control problems for partial
differential equations are investigated comparatively small [7-11]. In this paper, the stability
of difference approximations of an optimal control problem for a quasilinear parabolic equation
with controls in the coefficients, boundary conditions and additional restrictions. The optimal
control problem has been convered to one of the optimization problem using a penalty function
technique. The difference approximations problem for the considered problem is obtained. The
estimations of stability of the solution of difference approximations problem are proved. The
stability estimation of the solution of difference approximations problem by the controls is
obtained.

Let @ = {(z,t) : x € D =(0,1),t € (0,T)} where I, T are given positive numbers. Now, we
need to introduce some functional spaces as follows:
1) L2(D) is a Banach space which consisting of all measurable functions on D with the norm
lzllLapy = [fp 1217 da ]2. 2) Ly(0,1) is a Hilbert space which consisting of all measurable
functions on (0,1) with

[
<21722>L2(0,l) :/0 z1(z) 22 (w)dz, ||Z||L2(o,z) =/ <272>L2(0,l)-

3) L2(9) is a Hilbert space which consisting of all measurable functions on Q with

l T
<Z1>Z2>L2(Q) :/ / Zl(l’,t)ZQ(l',t)dl’dt, ||Z||L2(Q) = <Z,Z>L2(Q).
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4) W (Q) = {z € Ly(Q) and 22 € Ly(Q)} is a Hilbert space with

821 82‘2
lelhwgom = [ 1o+ G252 do
Z 1
(21, 22) w0 = 2117, 0) + ||£“%2(Q)]2-

5) Wyt (Q) = {z € Ly(Q) and 22 € Ly(Q), % € Ly(N)} is a Hilbert space with

ox
o 621 622 621 622
||Z||W21'1(Q) = /Q [ 2122 + a—% + — ot ot —] dz dt

0z 1
(21, 22)wrr (o) = a1l + || ||L2 + 1157 o)
6) V2(Q) is a Banach space consisting of elements the space Wl’O(Q) with the norm

. 1
Ilhvatay = vraimazoci<r||z(@, )l ) + ( / 223

7) V,°%(Q) is a subspace of V5(Q), the elements of which have in sections D; = {(z,7) : & €
D, =t} traces from Ly(D) at all t € [0, T],continuously changing from ¢ € [0,7] in the norm
Ly(D).

2. Problem Formulation

Let V = {v:v = (v1,v2,...,08) € En,||v|lExy < R}, where R > 0 are given numbers. We
consider the heat exchange process described by the equation

ou 0 ou ou
S = SO0 50) + Bluy) 5t = f(,1), (2,1) € 0 1)
with initial and boundary conditions
u(z,0) = ¢(x),x € D (2)
0 0
A(u,v)8—Z|m:0:Yg(t),/\(u,v)a—Z|I21:Yl(t),Ogth (3)

where ¢(x) € La(D), Yo(t),Y1(t) € Ly(0,T) and f(z,t) is given function. Besides, the func-
tions A(u,v), B(u,v) are continuous on (u,v) € [r1,r2] x En, have continuous derivatives in u

and VY(u,v) € [r1,r2] x En, the derivative w, % are bounded. Here 1,75 are given
numbers.
On the set V, under the conditions (1)-(3) and additional restrictions
1Z0) S )\(U,’U) S Ho, 140 S B(U,’U) S Ho, T S u(x,t) S T2 (4)

is required to minimize the function
T

T
Ja(v) = ﬁo/g [u(0,1) — fo(t)]*dt + By /0 [u(l,t) — fi®)]dt + ollv — wl|E, (5)

where fy(t), f1(t) € L2(0,T) are given functions, a > 0, vg, o > 0, fo > 0, 51 >0, Bo+ 51 # 0
are given numbers, w € Ey is also given: w = (w1, ws, ..., wN)-

Definition 1. The problem of finding a function u = u(z,t) € V;"°(Q) from conditions (1)-(4)
at given v € V is called the reduced problem.

Definition 2. The solution of the reduced problem (1)-(4) corresponding to the v € V is a
function u(z,t) € V;’O(Q) and satisfies the integral identity

Jo o w22 — Au,v) 3252 — B(u,v) 8% + 0 f (x, t)]dedt =
—fo a:Oda:—fO (0,8)Yo (¢ dt+f0 (I, )Y1(t)dt, (6)
Y n=n(z,t) € T/V21 1(Q) and n(z,T)=0.



