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Abstract

In my earlier paper [4], an eigen-decompositions of the Laplacian operator is given on
a unit regular hexagon with periodic boundary conditions. Since an exact decomposition
with Dirichlet boundary conditions has not been explored in terms of any elementary form.
In this paper, we investigate an approximate eigen-decomposition. The function space,
corresponding all eigenfunction, have been decomposed into four orthogonal subspaces.
Estimations of the first eight smallest eigenvalues and related orthogonal functions are
given. In particulary we obtain an approximate value of the smallest eigenvalue λ1 �
29
40

π2 = 7.1555, the absolute error is less than 0.0001.
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1. Introduction

Given an origin point O and two plane vectors e1 and e2, e.g. e1 = {0,−1}, e2 = {
√

3
2 , 1

2},
we form a 3-direction 2-D partition as drawn in Fig.1. To deal with symmetry along the three
direction, we apply a 3-direction coordinates instead of the usual 2-D Cartesian coordinates
and barycentry coordinates, which is a very useful within a triangle domain. Setting the origin
point O = (0, 0, 0), each partition line is represented by tl=integer (l=1,2,3), and each 2-D
point P is represented by

P = (t1, t2, t3), t1 + t2 + t3 = 0, (1.1)

and any function f(P ) defined on the plane can be written as f(P ) = f(t1, t2, t3). In particulary,
Pk is called an integer node if and only if Pk = (k1, k2, k3), k1 + k2 + k3 = 0.

Let Ω be the unit regular hexagon domain
Ω = {P |P = (t1, t2, t3) t1 + t2 + t3 = 0, −1 ≤ t1, t2, t3 ≤ 1} (1.2)

we consider the following eigenvalue problem
−∆u = λu, (1.3)

with zero Dirichlet boundary
u|

∂Ω = 0 (1.4)

In terms of the 3-direction partition form, the Laplacian operator can be written as

L = −2
3
∆ = −(

∂

∂t1
− ∂

∂t2
)2 − (

∂

∂t2
− ∂

∂t3
)2 − (

∂

∂t3
− ∂

∂t1
)2. (1.5)
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Figure 1.1: 3-direction partition
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Figure 1.2: Parallel hexagon domain Ω

Definition 1.1. A function f(P ), defined in the 3-direction coordinate, is called periodic, if
for all P = (t1, t2, t3) the equality

f(P + Q) = f(P )

holds for any integer vector Q = (n1, n2, n3) with n2
1 + n2

2 + n2
3 = 0 (mod 6)

The following results have been proved in my earlier paper [4].

Theorem 1.1. For all integer triple j = (j1, j2, j3), the function system

gj(P ) = ei 2π
3 (j1t1+j2t2+j3t3)

forms a complex eigen decomposition of the Laplacian operator (1.3) with three direction periodic
boundary conditions, where P = (t1, t2, t3), j1 + j2 + j3 = 0. The corresponding eigenvalues
equal to

λj1,j2,j3 = (
2π

3
)2((j1 − j2)2 + (j2 − j3)2 + (j3 − j1)2) (1.6)

Since

λj1,j2,j3 = λj2,j3,j1 = λj3,j1,j1 = λ−j1,−j3,−j2 = λ−j3,−j2,−j1 = λ−j2,−j1,−j3

we have the following real eigen-decomposition.

Corollary 1.1. For all integer triple j = (j1, j2, j3), two function system

cos(
2π

3
(j1t1 + j2t2 + j3t3)) and sin(

2π

3
(j1t1 + j2t2 + j3t3))

form an eigen decomposition of the Laplacian operator (1.3) with three direction periodic bound-
ary conditions. Moreover, except the smallest eigenvalue is single, all other eigenvalues are six
multiple.

It is clear that the first eigenfunction is a trivial constant. Several figures of eigenfunctions,
related from the second to the four without counting multiple, are drawn in Figure 1.3- 1.12.

Definition 1.2. TSinj(P ) :=
1
2i

[
gj1,j2,j3(P ) + gj2,j3,j1(P ) + gj3,j1,j2(P )

−g−j1,−j3,−j2(P ) − g−j2,−j1,−j3(P ) − g−j3,−j2,−j1(P )
]

(1.7)

Definition 1.3. TCosj(P ) :=
1
2
[
gj1,j2,j3(P ) + gj2,j3,j1(P ) + gj3,j1,j2(P )

+g−j1,−j3,−j2(P ) + g−j2,−j1,−j3(P ) + g−j3,−j2,−j1(P )
]

(1.8)


