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Abstract
Consider the following neutral delay-differential equations with multiple delays (NMDDE)

m

Y (t) = Ly(t) + Y _[My(t— )+ Njy/ (¢ — 7)), ¢>0, (0.1)

Jj=1

where 7 > 0, L, M; and Nj; are constant complex-value d xd matrices. A sufficient condition
for the asymptotic stability of NMDDE system (0.1) is given. The stability of Butcher’s
(A,B,C)-method for systems of NMDDE are studied. In addition, we present a parallel
diagonally-implicit iteration RK (PDIRK) methods(NPDIRK) for systems of NMDDE,
which is easier to be implemented than fully implicit RK methods. We also investigate
the stability of a special class of NPDIRK methods by analyzing their stability behaviors
of the solutions of (0.1).

Key words: Neutral delay differential equations, (A,B,C)-method, RK method, Parallel

diagonally-implicit iteration RK method.

1. Introduction

Consider the stability behavior in the numerical solution of neutral delay differential equa-
tions with multiple delays(NMDDE)

y' () = fty(t),yt — ), ylt — 1),y (E—71), -y (E— 7)), £ 20, (1.1)
y(t) =g(t), —-7<t<0, (1.2)
where 7; are some given positive constants for j =1,---,m, 7 > Typ—1 > --- > 1 >0, f and

g denote given vector-value functions and y(t) is the unknown function to be solved for ¢ > 0.
The purpose of the present work is to investigate the stability properties of Butcher’s (A,B,C)
(see [2]) and NPDIRK methods by means of the linear test equations of the type (1.1), i.e.

{ y'(t) = Ly(t) + 301, [Myy(t — 75) + Ny'(t — 7)), t >0, (13)
y(t) =g(t), -1 <t <0, ‘
where 7 > 0, L, M; and IN; are constant complex-value d X d matrices. The methods represented
by matrices (A,B,C) are called as general linear method by Butcher(see([2]). It includes many
numerical methods such as RK and LM methods and so on. As an example of (A,B,C) methods,
we also obtain the stability result of RK methods. NPDIRK method is a new scheme for
numerical solving NMDDE that is presented in this paper.

There have been a number of studies on the numerical stability analysis of system (1.3)
with the cases of m =1 and/or d = 1 and/or N; = 0. The stability of RK and one-parameter
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methods for the case m = 1 have been investigated in [10,11]. [1] and [9] have studied stability
properties of RK methods for m = 1 and d = 1. The stability analysis of RK methods and
linear multistep methods for system (1.3) with N; =0 (j = 1,---,m) and/or 7; = j7, has been
studied in [5,6]. In [15] Zhang & Zhou studied the numerical stability of multistep RK methods
for system (1.3).

In this paper, we firstly give a sufficient condition for the asymptotic stability of the test
NMDDE (1.3). Then, we extend and generalize the stability results of [1,5,6,9,10,11,15] to the
general (A,B,C) methods for numerical solving NMDDE (1.1)(1.2). Finally, in section 5, we
present NPDIRK scheme for NMDDE (1.1)(1.2), which is easier to be implemented than fully
implicit RK methods on parallel computers for numerically solving NMDDE (1.1) and (1.2).
We also study stability properties of a special class of PDIRK methods with respect to (1.3).

2. The Asymptotic Stability of Test Equation (1.3)

Definition 2.1. The NMDDE (1.3) is called to be asymptotically stable, if for any continuous
differentiable initial function g(t) and for any delay 7; > 0, (T, > T—1 > --- > T1), the
solution of (1.3) y(t) = 0 as t = co.

Let

Qvr,v9, o) == (I — ZN]-UJ-)*(L +) M), (2.1)

j=1

Ai(F) and Re);(F') stand for the i-th eigenvalue and the real part of i-th eigenvalue, respectively,
of any matrix F.
Lemma 2.1. The system (1.3) is asymptotically stable if the following conditions

sup ReX;(Q(v1,v2,--+,0m)) <0, for all i and vj € C and |vj| <1 (2.2)

and m
>IN lI<1 (2.3)
hold, where [|N;|| = sup ||IN;&]|.

l1€l1=1
The proof is analogous to that of Theorem in [15] we omit it here.

3. Stability of (A,B,C)-Methods for System (1.3)
For the initial-value problem of ODEs
y'(t) = ft,y(t), t>0, y(0)=yo, (3.1)
An (A,B,C)-method for (3.1) is given in a standard form as (see [2])
Y1 = (A® DY, + h(Bo ® I)Fyy + h(By @ I)Fpy1, (3.2)

where I stands for the identity matrix; A, Bo, B1 € R™", Y1 = (Ui 1, U 2s -5 Ut )L Ynii &
y(tn + aih)v Q; > 0> a; # Qi (le 7é .7)) Fn+1 = (fT(tn)ynyl)v ) fT(tnaynJ‘))T‘ Define

r(h) := (I —hB;)"' (A + hBy) (3.3)

as the stability matrix of the (A,B,C) method. It is well known that (A,B,C)-method (3.2) is
said to be A-stable for ODE (3.1) if

(I — hBy) is regular and p(r(h)) < 1 for any Re(h) < 0. (3.4)



