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Abstract

In this paper the uniform convergence of Hermite-Fejér interpolation and Griinwald
type theorem of higher order on an arbitrary system of nodes are presented.
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1. Introduction

Let us assume n, n > 2, my,, k = 1,2,3,...,n, be integers and triangular matrix X =
{Z1n, Ton, .y Tpn }, where

1=2op > Zin > Ton > .. > Tpp > Tpg1,n = — L

Let Ny = Yo , mipn — 1, m = max,>a 1<k<n Men < +00, N1={1,3,5,...}, No={2,4,6, ...}
and No=N, [J{0}. For simplicity we denote N,, as N. In the following discussion we replace
Thn, Mgn, k = 1,2,...,n with x,mg, k = 1,2,...,n. Denoted by P, the set of polynomials of
degree at most N and by Aj; the fundamental polynomials for Hermite interpolation of higher
order, then we have Aj;, € Py satisfy

AW (2) = 80k, p=0,1,omg—1, j=0,1,,me—1, qk=12.,n  (L1)

For f € C"[-1,1], 0 < r < m — 1, the unique truncated Hermite interpolatory polynomial is
given by

Hnmr(fax) = ZZf(l)(xk)Azk(x)a (12)

i=0 k=1

here let A;p = 0 if j > my. In particular, when r = 0 and r = m — 1 Hpmo and Hpmym—1
are denoted by Hpy, and H;:  respectively. We recognize that Hy; is the classical Lagrange
interpolation and H,, the classical Hermite-Fejér interpolation. H,,,, is called Lagrange type
interpolation for odd myg, & = 1,2,...,n, and Hermite-Fejér type interpolation for even my,
k=1,2,...,n, respectively.
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For giving the explicit expression of A (z) we let

n Tr—1 mq
Li(z) = H (l“k—;> , k=1,2,...,n,
i q

q=1,9#k

1 1 (v)
by = — | —— =0,1,... -1, k=1,2,..
vk ! |:Lk(m)j| , U y Ly ey Mg ) y Ly eeey Ty

mp—j—1

Bip(x) = > bz —a)’, j=01,.,mp—1, k=12 ..n
v=0

T=Tp

Then by [6] it has

1 .
Aji(r) = ﬁ(ﬂf — ) Bjp(z)Li(2), 0<j<my, 1<k<n (1.3)
More let
dy, :maxﬂxk —1’k+1|,|1’k _mk71|}) k= 1,2,..,n,
— - 0

Dy = max di, [Pl = max [|PU]]

an(f: :L’) = |Hnm(f; :L’) - f(l‘)|,

Tam(T) = Rum (f1,2) + BRum(fo2, ),  fi= miai =0,1,2,..

Sm () =Y |(z — 1) Aok (x)]

k=1

In what follows we denote by ¢, ¢, ..., positive constants independent of variables and

indices, unless otherwise indicated; their value may be different occurrences even in subsequent
formulas.

2. Main Result

In [4], Y. G. Shi has proved an important theorem about fundamental polynomials A, B;
as following:

Theorem A ([4, Theorem 2.1]). If for a fired n, my —j is odd and j < i < my —1 then

11—
r — Tk

Bji(z) > ¢ i

J
|Bir.(xz)|, z€R, 1<k<n, (2.1)

and
| A (z)] < cldz_j|Ajk(w)|, zeR, 1<k<n, (2.2)

hold, where ¢ and ¢y are positive constants depending only on m.

More the estimate of R, (P, z) for all polynomials for the case of my =m, k=1,2,...,nis
given, that is the following theorem:

Theorem B ([4, Theorem 4.1]). Let my = m be an even integer. Then for any P € Py

where ¢ depends only on m. Further more, if
| Hpll = || > [Aokl|| = O(1) (2.4)
k=1




