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Abstract

Estimations of lower bounds for the fundamental functions of (0,1,2,3) interpolation
are given. Based on this result conditions for convergence of (0,1,2,3) interpolation and for
Griinwald-type theorem are essentially simplified and improved.
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1. Introduction

This note deals with convergence of (0,1,2,3) interpolation on an arbitrary system of nodes.

Fisrt we introduce some definitions and notations.
Let

1>01, > 20, > >Tpn > -1, n=12,.. (1.1)

Given a fixed even integer m, let Aj, € Pp,,—1 (the set of polynomials of degree at most mn—1)
satisfy

AW (2) = 8jp0kg, G =0,1,.om —1; k,g=1,2,..,n. (1.2)
Then the (0,1,...,m—1) Hermite-Fejér type interpolation for f € C[—1,1] is defined by
n
Hy(f,2) =Y flax)Aok(x), n=1,2,-, (1.3)
k=1
and the (0,1,...,m-1) Hermite interpolation for f € C™ 1[—1,1] is defined by
m—1 n
Hy (fre) =Y > fD(ar)Aj(e), n=1,2,- (1.4)
j=0 k=1

(cf. [6]). We also need a well known fact:

n

1Humll == sup | Hum ()| = | [Aol||, n=1,2,--, (1.5)
IriI<1 k=1
where || - || stands for the uniform norm on [—1,1].

Here H, is the classical Hermite-Fejér interpolation investigated in many papers (cf. [1]).
H,,, is the so called Krylov-Stayermann interpolation, on which although there have been quite
a few papers (cf. [6] and its references), almost all of them consider only interpolation based
on the special system of nodes, like zeros of Jacobi polynomials. In this note we will give
estimations of lower bounds for the fundamental functions of (0,1,2,3) interpolation. Based on
this result conditions for convergence of (0,1,2,3) interpolation and for Griinwald-type theorem
are essentially simplified and improved. We will put these results in the next section and some
conjectures in the last section.
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2. Results
Let
wn(z) = (x — x1) (2 — x2)...(T — TY),
wn ()
lp(z) = —2 £ =1,2,..n,
) = e @ — o)
1 .
b = [zk(x)—m];?m . j=01,om—1, k=1,2,..,n,
m—
Bji(z) = Z bi(z —xp), j=0,1,..m—1, k=12 .,n.
Then [4]

Ajp(z) = %(m—xk)ijk(x)Ek(x)m, i=0,1,...,m—1, k=12, ..n. (2.1)
In particular, for m = 4 we have (cf. [2, (4.1)])
Bip(z) =100 (zr)? — 20 (zp)|(x — 25)? — 40, (zx) (x — z) + 1,
Boy(z) = —4b(zx) (@ — xx) + 1, (2.2)
ng(ﬂ?) =1.

The following lemma will play a basic role in this note.
Lemma 1. Let m = 4. Then

1 1
Bik(2) 2 |Ba(2)l,  Bir(z) 2 5lBsr(2)l =5, z€R k=120 (23)
and
- 1 2
,;|A2k(x)| < Ekzl(x—mk ) A1 (z Z|A3k gz_: r—zp)A(z), oz el[-1,1].
(2.4)
Proof. By a well known result (cf. [5, p. 976])
. 1
2 -
o) — k) = @r—a)? >0

i#k
it follows from (2.2) that
Bk (%) > 8 (zk)(x — z)])? — 4 (zk)(z — z) + 1.
Using a simple symbol y := () (z)(z — z1) we get
Biy(z) > 8y* — 4y +1
and
Bo(x) = —4y + 1.
Hence ‘
B () — Bag(x) > 8y* >0,
Blk(ﬂf) + BZk(iL“) > 2(2y - ].)2 >0,

Bu(r) - 3 > 3 (4y — 1) 20,

DN | =

which is equivalent to (2.3).
By (2.1) and (2.3)



