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Abstract

In this paper, the asymptotic error expansions of Adini’s element for the second
order imhomogeneous Neumann problem are given and the superconvergence esti-
mations are obtained. Moreover, a numerical example to support our theoretical
analysis is reported.
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1. Introduction

It is well known that the Adini’s element is commonly used for approximating the
solution of high order partial differential equations (such as plate problem). What re-
sults can we get if we solve second order imhomogeneous Neumann elliptic problem
using Adini’s element 7 We shall find by this paper that Adini’s element is a natural
and simple superconvergence element and it has many advantages— it not only pro-
vides directly values of the finite element solution and its derivatives at the vertices of
rectangular elements, but also has fewer degree of freedoms and higher approximate
accuracy than that of the standard bicubic element. Moreover we have further obtained
the natural superconvergences of derivatives at the vertices.

We consider the following inhomogeneous Neumann problem:

—-Au+u = f in €,

B
s — 0 ondQ,

where () is a rectangle ( or a paralleogram ).
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The weak form of equation (1) is given by :

find u € H'(Q) suth that

a(u,v) = (f,v), Yo € HY(Q),

where

a(u,v) = / (VuVu + uv)dzdy.
)

Let T" = {e} be a rectangular partition of (2, h denote the diameter of the largest
element in T" and V" ¢ H'(2) be the Adini’s finite element space satisfying boundary
condition associated with 7". Then the FE approximation of the problem (2) is as

follows:

find Ryu € V" such that
(3)
a(Rpu,v) = (f,v), Yo e Vh,

Let i" : C(Q) — V"(Q) be a standard interpolation operator. For a fixed rectangle
e = (e — he,Te + he) X (Ye — ke, Ye + ke) with the center p = (z,,y.) and two widths
2h, and 2k., we define the following quadratic error functions as that in [5]-[7]:

1 1

Bla) =3 ((e—z)® =h2). Fly) =5 ((s-v)" —k2).

Lemma 1. For any zg € e € T", we have

12[ullo,2

£ (o) / udzdy = / ufdzdy + O(h)||f]

= [ wrdady+ 001

2.2/|ul|1,2.

Lemma 2. For any v € V", we have the following expansion formulas if the

partition T" of Q is a uniform mesh

> [~ inw)sve = O ulls ol (@

S [t vy, = O lullslio, 6



