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A WAVELET METHOD FOR THE FREDHOLMINTEGRO-DIFFERENTIAL EQUATIONS WITH CONVOLUTIONKERNEL�1)Xiao-qing Jin Vai-Kuong Sin(Fa
ulty of S
ien
e and Te
hnology, University of Ma
au, Ma
au)Jin-yun Yuan(Department of Mathemati
s, Universidade Federal do Parana, Curitiba, Brazil)Abstra
tWe study the Fredholm integro-di�erential equationD2sx �(x) + Z +1�1 k(x� y)�(y)dy = g(x)by the wavelet method. Here �(x) is the unknown fun
tion to be found, k(y) isa 
onvolution kernel and g(x) is a given fun
tion. Following the idea in [7℄, theequation is dis
retized with respe
t to two di�erent wavelet bases. We then havetwo di�erent linear systems. One of them is a Toeplitz-Hankel system of the form(Hn + Tn)x = b where Tn is a Toeplitz matrix and Hn is a Hankel matrix. Theother one is a system (Bn + Cn)y = d with 
ondition number � = O(1) after adiagonal s
aling. By using the pre
onditioned 
onjugate gradient (PCG) methodwith the fast wavelet transform (FWT) and the fast iterative Toeplitz solver, we
an solve the systems in O(n logn) operations.Key words: Fredholm integro-di�erential equation, Kernel, Wavelet transform,Toeplitz matrix, Hankel matrix, Sobolev spa
e, PCG method.1. Introdu
tionIn this paper, we study the Fredholm integro-di�erential equationA(�(x)) � D2sx �(x) + Z +1�1 k(x� y)�(y)dy = g(x) (1)by the wavelet method. The appli
ations of the equation in image restoration 
ould befound in [10℄. For the history of numeri
al methods for the Fredholm integro-di�erentialequations, we refer to [4℄. Following the idea in [7℄, the equation is dis
retized withrespe
t to two di�erent orthonormal wavelet bases B1 and B2 of L2(R). The B1 
omesfrom the father wavelet '(x) and the B2 
omes from the mother wavelet  (x). Afterdis
retizing of the equation with respe
t to B1 and B2 on a �nite interval, we then have� Re
eived February 19, 1997.1) Resear
h supported by the grant RC034(96/97) from the University of Ma
au.



436 X.Q. JIN, V.K. SIN AND J.Y. YUANtwo di�erent n-by-n linear systems. One of them is a Toeplitz-Hankel system of theform (Hn + Tn)x = b (2)where Tn is a Toeplitz matrix and Hn is a Hankel matrix. The other one is a system(Bn + Cn)y = d (3)with 
ondition number �(D�1=2n (Bn + Cn)D�1=2n ) = O(1) (4)after a diagonal s
aling Dn. The relation between Hn + Tn and Bn +Cn is Bn +Cn =Wn(Hn + Tn)W�1n where Wn is the wavelet transform matrix between B1 and B2.We then solve (2) by solving its equivalent form (3) with y = Wnx and d = Wnb.For solving (3), we use the PCG method with the diagonal pre
onditioner Dn. The
ondition number of the pre
onditioned system is, by (4),�(D�1n (Bn +Cn)) = �(D�1=2n (Bn + Cn)D�1=2n ) = O(1):When the PCG method is applied to solve the pre
onditioned system, the 
onvergen
erate will be linear, see [5℄. By using the FWT, see [2℄, and fast iterative Toeplitz solver,see [1℄ and [9℄, we 
an solve the system (Bn + Cn)y = d and also (Hn + Tn)x = b inO(n log n) operations.2. Dis
retization of Fredholm EquationThe Fredholm integro-di�erential equation is given as follows, A� = g, where Ais de�ned by (1), g 2 L2(R) and k(x � y) 2 L2(R) is symmetri
 and positive, i.e.,k(x � y) = k(y � x) > 0. For solving the equation, we need to �nd � 2 C2s0 (R) su
hthat (1) is to be satis�ed. The equivalent variational form of (1) is: �nd � 2 Hs0(R)su
h that B(�; �) = F (�) (5)for 8� 2 Hs0(R). Here B(�; �) = B0(�; �) +B1(�; �) withB0(�; �) = Z +1�1 Dsx�(x)Dsx�(x)dx;B1(�; �) = Z +1�1 Z +1�1 k(x� y)�(y)�(x)dydxand F (�) = Z +1�1 g(x)�(x)dx:We assume that B(�; �) is a 
ontinuous ellipti
 bilinear form on Hs0(R)�Hs0(R), i.e.,there exist two 
onstants � � � > 0, su
h that �k�k2Hs0 � B(�; �) and B(�; �) ��k�kHs0 k�kHs0 . For instan
e, when s = 0 (or s = 1) and +1 > C � k(x� y) � 
 > 0,then obviously, B(�; �) is a 
ontinuous ellipti
 bilinear form on L2(R) � L2(R) (orH10 (R)�H10 (R)).


