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GENERALIZED GAUSSIAN QUADRATURE FORMULASWITH CHEBYSHEV NODES�1)Ying-guang Shi(ICMSEC, Chinese Aademy of Sienes, Beijing 100080, China)AbstratExpliit expressions of the Cotes numbers of the generalized Gaussian quadra-ture formulas for the Chebyshev nodes (of the �rst kind and the seond kind) andtheir asymptoti behavior are given.Key words: Quadrature formula, Chebyshev polynomials.1. IntrodutionThis paper deals with the generalized Gaussian quadrature formulas for Chebyshevnodes (f. [2℄).Throughout the paper we assume that m and n are positive integers. As usually,Tn(x) and Un(x) denote the n-th Chebyshev polynomials of the �rst kind and theseond kind, respetively. Among generalized Gaussian quadrature formulas one of themost important ases is the weightwm(x) := (1� x2)[(m+1)=2℄�(m+1)=2 ; (1.1)where [r℄ denotes the largest integer � r. In [5℄ we pointed out that if we take as nodesof a quadrature formula the zeros of (1 � x2)Un�1(x) (here we replae n + 1 by n foronveniene) xkn = os k�n ; k = 0; 1; :::; n; (1.2)then the quadrature formula with ertain numbers ikm := ikmn (alled Cotes numbersof higher order) Z 1�1 f(x)�m(x)wm(x)dx = nXk=0 mkXi=0 ikmf (i)(xk) (1.3)is exat for all f 2 Pmn+[(�1)m�3℄=2, where�m(x) := sgn Un�1(x)m (1.4)� Reeived April 2, 1996.1)The Projet Supported by National Natural Siene Foundation of China.



172 Y.G. SHIand mk := [nk(m� 2)℄; nk := 8<: 1; 1 � k � n� 1;12 ; k = 0; n: (1.5)As it turns out, the most interesting property of this quadrature formula is that itsnodes do not depend on the index m. In [5℄ we found the expliit formulas for ikmnand their asymptoti behavoiur as n ! 1, whih provided an answer to an analogueof Problem 26 of Tur�an [6, p. 47℄. To state this results, whih will be used later, weput:�m(x) = (1� x2)[m=2℄Un�1(x)m; (1.6)dkm = �([nkm℄)m (xk) = 8>>>><>>>>: m!(1� x2k)[m=2℄U 0n�1(xk)m; 1 � k � n� 1;(�2)[m=2℄�hm2 i�!Un�1(1)m; k = 0;2[m=2℄�hm2 i�!Un�1(�1)m; k = n; (1.7)Lkm(x) = ([nkm℄)!�m(x)dkm(x� xk)[nkm℄ ; k = 0; 1; :::; n; (1.8)bikm = 1i! hLkm(x)�1i(i)x=xk ; i = 0; 1; :::; k = 0; 1; :::; n; (1.9)Bikm = 1i! 8<: X�2f0;ngnfkg [2(x� � x)Lkm(x)℄�19=;(i)x=xk ; i = 0; 1; :::; k = 0; 1; :::; n;(1.10)sm = 8<: 2; if m is odd;�; if m is even: (1.11)Then we have (f. [5℄; for m = 4 the results of the theorem an be found in [7℄).Theorem A. Let (1:2) be given. Then for eah k; 0 � k � n, and for eah i; 0 �i � mk, 8<: mk;k;m = nksm(m� 2)!dk;m�2[(m� 2)!!℄2n; m � 2;mk+1;k;m = 0; (1.12)ikm = i;k;m�2 + mk!mk;k;mi!nk(m� 2)f(i+ nk(m� 2)�mk)bmk�i;k;m�2 (1.13)� 12 [1 + (�1)m+1℄Bmk�i�1;k;m�2g; m � 3:


