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MIXED SPECTRAL METHOD FOR NAVIER-STOKES

EQUATIONS IN AN INFINITE STRIP BY USING

GENERALIZED LAGUERRE FUNCTIONS

JIAO YUJIAN AND GUO BENYU

Abstract. In this paper, we propose a mixed spectral method for the Navier-Stokes equations
in an infinite strip by using generalized Laguerre functions. We establish some results on mixed
generalized Laguerre-Legendre approximation, which play important roles in spectral method for
fourth order differential equations. A mixed spectral scheme is provided for stream function
form of the Navier-Stokes equations. Its stability and convergence are proved. Numeric results
demonstrate the efficiency of suggested algorithm.
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1. Introduction

The Navier-Stokes equations play an important role in incompressible fluid dy-
namics. We often used finite difference method and finite element method for
their numerical simulations, see, e.g., [6, 9, 24, 28]. As it is well known, spectral
method possesses high accuracy, see [2, 3, 4, 5, 7, 10] and the references therein.
Some spectral schemes were proposed for the Navier-Stokes equations, see, e.g.,
[2, 8, 13, 22, 25]. We usually constructed spectral schemes based on the primitive
form of the Navier-Stokes equations. But, it is difficult to deal with the incompress-
ibility and the boundary condition of the pressure. Thus, some authors provided
certain spectral schemes based on the stream function form of the Navier-Stokes
equations, see [11] and the references therein. However, those algorithms are only
available for periodic problems and problems defined on bounded rectangular do-
mains.

It is interesting to consider the motion of incompressible fluid flows in unbounded
domains. Guo and Xu [19], and Xu and Guo [29] studied spectral and pseu-
dospectral methods using Laguerre polynomials, for the stream function form of the
Navier-Stokes equations in an infinite strip. Latter, some authors developed spec-
tral method for the Navier-Stokes equations outside a disc or a ball, see [12, 14, 30].
Recently, Azaiez, Shen, Xu and Zhuang [1] investigated spectral method for the
primitive form of the Stokes equation in an infinite strip, by using Laguerre func-
tions as in [27]. We also refer to the work for spectral method using generalized
Laguerre functions, see [15, 21]. Generally speaking, the spectral method using
Laguerre or generalized Laguerre functions, gives better numerical results, if the
exact solutions decay fast.

In this paper, we develop a mixed spectral method for the stream function form
of the Navier-Stokes equations in an infinite strip, by using the generalized Laguerre
functions. This approach has several merits:
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• It only needs to evaluate the stream function. Moreover, the incompressibility
of numerical solution is fulfilled automatically.

• It does not require any approximation of boundary condition on the wall.
• Benefiting from the orthogonality of generalized Laguerre functions, we derive

a sparse system with the unknown coefficients of expansion of the stream function.
In addition, the numerical solution possesses the spectral accuracy in space.

• For solution decaying fast, our new algorithm oftentimes provides better nu-
merical result than spectral method using Laguerre or generalized Laguerre poly-
nomials.

The paper is organized as follows. In the next section, we recall and renew some
results on the orthogonal approximation by using generalized Laguerre functions,
which are very applicable to spectral method for fourth order problems defined on
unbounded domains. In Section 3, we construct the mixed generalized Laguerre-
Legendre spectral scheme for the stream function form of the Navier-Stokes equa-
tions in an infinite strip, and present the main results on its stability and conver-
gence. In section 4, we give some numerical results demonstrating the efficiency of
suggested algorithm. In section 5, we first investigate two useful mixed orthogonal
projections, and then prove the stability and the spectral accuracy in space of our
new method. The final section is for some concluding remarks. The techniques
developed in this paper are also applicable to other fourth order problems defined
on unbounded domains.

2. Preliminary

We first consider the orthogonal approximation by using generalized Laguerre
functions. Let Λ = { x | 0 < x < ∞} and χ(x) be a certain weight function. We
define the weighted space

L2
χ(Λ) = { v | v is measurable on Λ and ‖v‖χ,Λ <∞ },

with the following inner product and norm,

(u, v)χ,Λ =

∫

Λ

u(x)v(x)χ(x)dx, ‖v‖χ,Λ = (v, v)
1
2

χ,Λ.

For any integer r ≥ 0,

Hr
χ(Λ) = { v | ∂kxv ∈ L2

χ(Λ), 0 ≤ k ≤ r },
equipped with the following inner product, semi-norm and norm,

(u, v)r,χ,Λ =
∑

0≤k≤r

(∂kxu, ∂
k
xv)χ,Λ, |v|r,χ,Λ = ‖∂rxv‖χ,Λ, ‖v‖r,χ,Λ = (v, v)

1
2

r,χ,Λ.

For simplicity of statements, we omit the subscript χ in notations, whenever χ(x) ≡
1.

Let ωα,β(x) = xαe−βx, α > −1 and β > 0. Especially, ωβ(x) = ω0,β(x) = e−βx.
The generalized Laguerre polynomial of degree l is defined by (cf. [20])

L
(α,β)
l (x) =

1

l!
x−αeβx∂lx(x

l+αe−βx), l = 0, 1, 2, · · ·.

The generalized Laguerre functions are given by (cf. [21])

(1) L̃
(α,β)
l (x) = e−

1
2βxL

(α,β)
l (x), l = 0, 1, 2, · · ·.

They fulfill the following recurrence relations:

(2) L̃
(α,β)
l (x) = L̃

(α+1,β)
l (x)− L̃

(α+1,β)
l−1 (x), l ≥ 1,


