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Abstract. For the nonconforming rotated Q1 element over a mildly distorted

quadrilateral mesh, we propose a superconvergence property at the element

center, the vertices and the midpoints of four edges. Numerics are presented

to confirm this observation.
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1. Introduction

Nonconforming rotated Q1 element [21] (NRQ1) with mean integral over edges
as degrees of freedom (NRQ a

1 ) has been widely used in several fields including the
computational fluids [21, 25], the crystalline microstructure [11, 13], the Chapman-
Ferraro problem [12], the Reissner-Mindlin plate bending problem [16], and the
streamline-diffusion problem [22, 24]. Compared with the standard bilinear element,
NRQ a

1 exhibits better stability in these problems.
A new NRQ1 element introduced by Ming and Shi leads to a truly locking-free

Reissner-Mindlin plate element over general quadrilateral meshes [19]. Compared
to NRQ a

1 , this element has an extra degree of freedom (we call it the five-point
NRQ1, see Definition 2.3). A similar element was presented in [4] to approximate
Navier-Stokes equations.

The convergence rate in the energy norm of both NRQ1 elements is of first order
over a rectangular mesh [11, 21]. As to the general quadrilateral mesh, the five-
point NRQ1 retains the first order convergence rate, while NRQ a

1 converges with
first order if the mesh is mildly distorted [15, 17]. An example is given to show the
first order optimality [15].

Meanwhile, a superconvergence property at element center on the rectangular
parallelopiped mesh was obtained for NRQ a

1 [11]. For the mildly distorted quadri-
lateral mesh, we proved [20] that the supercovergence property is valid not only for
the element center, but also for the vertices and midpoints of four edges. Therefore,
both elements share the same superconvergence points as the bilinear element [5].
Extensive numerics will be presented in this paper to confirm the theoretic pre-
diction. The same phenomenon was also numerically observed for another NRQ1

element that employs midpoints value of each edge as degrees of freedom, however,
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there is no theoretic support up to now. Some superclose results for the rectangular
NRQ1 element and its variants can be found in [2, 14, 15, 22].

The outline of this paper is as follows. In the next section, we introduce NRQ a
1 ,

NRQ p
1 , and the five-point NRQ1 element, the quadrilateral mesh conditions. The

main results are stated in § 3. Numerical results and discussion are given in the
last section.

2. Nonconforming Rotated Q1 Element

For any convex polygon Ω, we use the standard Sobolev space W k,p(Ω) [1].
Denote by

∫−
Ω1

f the mean value of a function f over the sub-domain Ω1 of Ω.
We consider the general second order elliptic boundary value problem

(2.1)

{
−∂x

(
a11∂xu

)− ∂x

(
a12∂yu

)− ∂y

(
a21∂xu

)− ∂y

(
a22∂yu

)
= f in Ω,

u = 0 on ∂Ω,

where {aij}2i,j=1 ∈ W 2,∞(Ω), and

λ| ξ |2 ≤
2∑

i,j=1

aijξiξj ≤ Λ| ξ |2 for all ξ ∈ R2.

Let Th be a partition of Ω by convex quadrilaterals K with the mesh size hK

and h := maxK∈Th
hK . We assume that Th is shape regular in the sense of Ciarlet-

Raviart [6, p. 247]. Namely, all quadrilaterals are convex and there exist constants
ρ1 ≥ 1 and 0 < ρ2 < 1 such that

hK/hK ≤ ρ1, | cos θi,K | ≤ ρ2, i = 1, 2, 3, 4 for all K ∈ Th.

Here hK , hK and θi,K denote the diameter, the shortest length of sides, and the
interior angles of K, respectively.

We introduce a mesh condition which quantifies the deviation of a quadrilateral
from a parallelogram.

Definition 2.1. (1 + α)-section condition (0 ≤ α ≤ 1) [18] The distance dK

between the midpoints of two diagonals of K ∈ Th is of order O(h1+α
K ) uniformly

for all elements K as h → 0.

The extreme case α = 0 represents an unstructured quadrilateral mesh subdivi-
sion. The mesh partition in Fig. 4 is a particular one, which consists of trapezoids
generating from a typical trapezoid with translation and dilation. In case of α = 1,
the mesh satisfies the Bi-section condition [23], which is also the 1-strongly regular
mesh [27].

Definition 2.2. For every element K ∈ Th, we call K satisfies the (1 + βK)-
uniform condition if for every elements K∗ ∈ S(K), there exist constants β1(K∗)
and β2(K∗) such that

(2.2)
| −−−−→M1M3 −−−−−→M3M6 | = O(h1+β1(K

∗)
K + h

1+β1(K
∗)

K∗ ),

| −−−−→M2M4 −−−−−→M5M7 | = O(h1+β2(K
∗)

K + h
1+β2(K

∗)
K∗ ).

We define βK as
βK : = min

K∗∈S(K)
min(β1(K∗), β2(K∗)),

where S(K) is the subset of Th with nonempty intersection with K, and we refer to
Fig. 1 for M1M3,M3M6 and M2M4,M5M7.


