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Abstract. We study the numerical performance of a continuous data assimilation
(downscaling) algorithm, based on ideas from feedback control theory, in the context
of the two-dimensional incompressible Navier-Stokes equations. Our model prob-
lem is to recover an unknown reference solution, asymptotically in time, by using
continuous-in-time coarse-mesh nodal-point observational measurements of the ve-
locity field of this reference solution (subsampling), as might be measured by an array
of weather vane anemometers. Our calculations show that the required nodal obser-
vation density is remarkably less than what is suggested by the analytical study; and
is in fact comparable to the number of numerically determining Fourier modes, which was
reported in an earlier computational study by the authors. Thus, this method is com-
putationally efficient and performs far better than the analytical estimates suggest.
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1 Introduction

The goal of data assimilation is to provide a more accurate representation of the current
state of a dynamical system by combining observational data with model dynamics. This
allows the influences of new data to be incorporated into a numeric computation over
time. Data assimilation is widely used in the climate sciences, including weather fore-
casting, environmental forecasting and hydrological forecasting. Additional information
and historical background may be found in Kalnay [13] and references therein.

In 1969 Charney, Halem and Jastrow [5] proposed a method of continuous data assim-
ilation in which observational measurements are directly inserted into the mathematical
model as it is being integrated in time. To fix ideas, let us suppose that the evolution of u
is governed by the dynamical system

du

dt
=F(u), u(t0)=u0, (1.1)

and the observations of u are given by the time series p(t)= Pu(t) for t∈ [t0,t∗], where
P is an orthogonal projection onto the low modes. In this context, the method proposed
in [5] for approximating u from the observational data is to solve for the high modes

dq

dt
=(I−P)F(q+p), q(t0)=q0, (1.2)

where q0 is an arbitrarily chosen initial condition and q+p represents the resulting ap-
proximation of u. Note that if q0 = (I−P)u0 then p+q = u for all time; however, data
assimilation is applied when u0 is not known.

Algorithm (1.2) was studied by Olson and Titi in [17] and [18] for the two-dimensional
incompressible Navier-Stokes equations





∂u

∂t
−ν∆u+(u·∇)u+∇p= f ,

∇·u=0
(1.3)

on the domain Ω=[0,L]2, equipped with periodic boundary conditions and zero spatial
average with initial condition u(x,t0)=u0(x) for x∈ [0,L]2. Observational measurements
were represented by P=Ph, where Ph is the orthogonal projection onto the Fourier modes
exp(2πik·x/L) with wave numbers k∈Z2\{0} such that 0< |k|≤ L/h. Here ν>0 is the
kinematic viscosity, p(x,t) is the pressure and f (x) is a time-independent body force with
zero spatial average acting on the fluid. For simplicity, it was assumed, as we shall here,
that ∇· f =0.

The two-dimensional incompressible Navier-Stokes equations are amenable to math-
ematical analysis while at the same time they posses non-linear dynamics similar to the
partial differential equations that govern realistic physical phenomenon. Using the func-
tional notation of Constantin and Foias [6], see also Temam [20] or Robinson [19], write


