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Abstract. In two-phase flow simulations, a difficult issue is usually the treatment of
surface tension effects. These cause a pressure jump that is proportional to the curva-
ture of the interface separating the two fluids. Since the evaluation of the curvature in-
corporates second derivatives, it is prone to numerical instabilities. Within this work,
the interface is described by a level-set method based on a discontinuous Galerkin
discretization. In order to stabilize the evaluation of the curvature, a patch-recovery
operation is employed. There are numerous ways in which this filtering operation
can be applied in the whole process of curvature computation. Therefore, an exten-
sive numerical study is performed to identify optimal settings for the patch-recovery
operations with respect to computational cost and accuracy.

AMS subject classifications: 76T99, 65Z05, 65D10

Key words: Discontinuous Galerkin (DG), multiphase flows, curvature, patch recovery, filtering.

1 Introduction and motivating example

In order to simulate immiscible two-phase flows, one usually has to consider surface
tension effects. These induce a pressure jump which is proportional to the total curvature
κ of the fluid interface I. Precisely, the momentum equation for the fluid domains A and
B is given as

∂

∂t
(ρu)+div(ρu⊗u)+∇ψ=µ∆u, (1.1)
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while at the fluid interface I=A∩B the velocity u and pressure ψ are coupled via the
jump condition r(

ψI−µ
(

∇u+∇uT
))

nI

z
=σκnI, (1.2)

see e.g. [11] or [17]. We briefly introduce the notation required for this formula:

• The computational domain Ω ⊂RD is decomposed into fluid A, fluid B and the
(D−1)-dimensional interface I, i.e. Ω=A∪I∪B. Regarding this work, we restrict
ourselves to the case D=2.

• nI denotes the normal vector on I, oriented so that “it points from A to B” and κ
denotes the total curvature of I. We assume I to be smooth enough, so that both,
nI and κ are at least in C0(I).

• the jump operator for u∈C0(Ω\I) is defined as

JuK(x)= lim
ξց0

(u(x+ξnI)−u(x−ξnI)). (1.3)

• µ and ρ denote the dynamic viscosity and the density of the fluid, which are usually
constant within either A and B, but have a jump at the interface.

This setting may be described by a level-set function ϕ∈C2(Ω), which fulfills







ϕ<0 in A,

ϕ>0 in B,

ϕ=0 on I.

(1.4)

Then, obviously,

nI=
∇ϕ

|∇ϕ|2
and κ=div(nI). (1.5)

The latter expression is also called Bonnet’s formula. In dependence of the level-set gra-
dient ∇ϕ and the level-set Hessian ∂2 ϕ, it can be expressed as

div

(
∇ϕ

|∇ϕ|2

)

=: curv(∇ϕ,∂2ϕ) (1.6)

with

curv(g,H)=
tr(H)

|g|2
−

gT Hg

|g|32
. (1.7)

Note that by the introduction of ϕ, the properties nI and κ, which were initially only
defined on I, were smoothly extended to the whole domain Ω.

The purpose of this paper is to benchmark various filtering strategies for Bonnet’s
formula, based on patch recovery. In order to assess the quality of a filtering strategy, the


