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Abstract. In this paper, we first discuss the existence and uniqueness of a class of non-
linear saddle-point problems, which are frequently encountered in physical models.
Then, a generalized Arrow-Hurwicz method is introduced to solve such problems. For
the method, the convergence rate analysis is established under some reasonable con-
ditions. It is also applied to solve three typical discrete methods in fluid computation,
with the computational efficiency demonstrated by a series of numerical experiments.
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1 Introduction

This paper is intended to study existence and uniqueness of the solution to the following
abstract problem and then design and analyze a generalized Arrow-Hurwicz method
iteratively solving it. Afterwards, we will apply the algorithm to solve several discrete
methods in fluid mechanics.

Problem P. Find (u,p)∈V×Q such that
{

a0(u,v)+N(u;u,v)−b(v,p)= 〈 f ,v〉 ∀v∈V, (1.1)

b(u,q)=0 ∀q∈Q. (1.2)

Here, V and Q are two finite or infinite dimensional Hilbert spaces, f ∈V
′

and 〈·,·〉 de-
notes the bilinear form between the dual pair V

′
and V. In addition, denote by a0(·,·)

(resp. N(·;·,·)) a bounded and coercive bilinear (resp. a bounded trilinear) form over V,
i.e., there exist two positive numbers α0 and α1 (α0≤α1) such that

α0‖v‖2
V ≤ a0(v,v) ∀v∈V, a0(u,v)≤α1‖u‖V‖v‖V ∀u,v∈V, (1.3)

∗Corresponding author. Email addresses: jghuang@sjtu.edu.cn (J. Huang), sjtudbb@sjtu.edu.cn (B. Du)

http://www.global-sci.com/ 752 c©2019 Global-Science Press



B. Du and J. Huang / Commun. Comput. Phys., 25 (2019), pp. 752-780 753

and there exists a positive number N such that

|N(u;v,w)|≤N‖u‖V‖v‖V‖w‖V ∀u,v,w∈V. (1.4)

We also assume N(·;·,·) is anti-symmetric with respect to the second and third compo-
nents, that is, N(·;v,w) =−N(·;w,v) for any v and w in V. Meanwhile, let b(·,·) be a
bounded bilinear form over V×Q, i.e., there exists a positive constant α2 such that

b(v,q)≤α2‖v‖V‖q‖Q ∀v∈V, q∈Q. (1.5)

Throughout this paper, we use (·,·)V and ‖·‖V (resp. (·,·)Q and ‖·‖Q) to stand for the
inner product and the induced norm over V (resp. Q).

To the best of our knowledge, many important mathematical-physical models and
their numerical methods can be described in the setting of problem P—an abstract frame-
work. The typical examples include steady incompressible Navier-Stokes equations (cf.
[18, 20]), steady incompressible magnetohydrodynamics (MHD) equations (cf. [12]), and
many numerical methods for solving the previous problems (cf. [15, 19]).

As a matter of fact, consider the following steady incompressible MHD model:















































−R−1
e △u+(u·∇)u−ScB×curlB+∇p= f in Ω,

divu=0 in Ω,

ScR−1
m curl(curlB)−Sccurl(u×B)= g in Ω,

divB=0 in Ω,

u=0 on ∂Ω,

B·n=0, n×curlB=0 on ∂Ω,

(1.6)

where Ω⊂R
d (d = 2,3), n is the unit outward normal to the boundary ∂Ω. Here u de-

notes the velocity field, B the magnetic field, f and g the external force terms, and p the
pressure field. There are three physical parameters Re, Rm and Sc in the equations, called
the hydrodynamic Reynolds number, the magnetic Reynolds number and the coupling
number, respectively.

Using some notations and symbols (see Section 4.1 for details), the variational formu-
lation of MHD model can be described as follows.

Problem P1. Find (ũ,p)∈W0n×M such that

{

A0(ũ,ṽ)+A1(ũ;ũ,ṽ)−d(ṽ,p)= 〈F,ṽ〉 ∀ṽ∈W0n, (1.7)

d(ũ,q)=0 ∀q∈M. (1.8)

If we let V=W0n, Q=M, and for u=ũ and v=ṽ, write a0(u,v)=A0(ũ,ṽ), b(v,q)=d(ṽ,q)
and N(u;u,v)= A1(ũ;ũ,ṽ), then problem P1 can be viewed as a specific case of problem
P. It is evident that the variational form of steady incompressible Navier-Stokes equa-
tion can be written in the form of problem P as well (cf. [9, 10, 18, 20]). Moreover, many


