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Abstract. In this paper, we present a new type of Hermite weighted essentially non-
oscillatory (HWENO) schemes for solving the Hamilton-Jacobi equations on the fi-
nite volume framework. The cell averages of the function and its first one (in one di-
mension) or two (in two dimensions) derivative values are together evolved via time
approaching and used in the reconstructions. And the major advantages of the new
HWENO schemes are their compactness in the spacial field, purely on the finite vol-
ume framework and only one set of small stencils is used for different type of the
polynomial reconstructions. Extensive numerical tests are performed to illustrate the
capability of the methodologies.
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1 Introduction

In this paper, we investigate using the finite volume Hermite weighted essentially non-
oscillatory (HWENO) reconstruction methodologies for directly solving the Hamilton-
Jacobi (H-J) equations:

{

φt+H(∇φ)=0, (x1,··· ,xn,t)∈Ω×[0,∞),
φ(x1,··· ,xn,0)=φ0(x1,··· ,xn), (x1,··· ,xn)∈Ω,

(1.1)

where ∇φ=(φx1
,··· ,φxn)

T.
The Hamilton-Jacobi equations are often used in geometric optics, computer vision,

material science, image processing and variational calculus [4, 13, 21]. Yet, the solutions
to (1.1) are continuous but their derivatives are discontinuous. And such solutions may
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not be unique unless using the physical implications and then getting the viscosity so-
lutions [1]. It is well known that the HJ equations are closely related to conservation
laws, hence we can obtain the exact solutions of HJ equations from those of conserva-
tion laws, respectively, and successful numerical methods for conservation laws can be
adapted for solving the HJ equations. Along this line we mention the early works, Os-
her and Sethian [14] proposed a second order essentially non-oscillatory (ENO) scheme
and Osher and Shu [15] presented high order ENO schemes to solve the Hamilton-Jacobi
equations. Then, a high order of Weighted ENO (WENO) scheme was proposed by Jiang
and Peng [7]. Recently, Qiu [16, 17] and with Shu [20] also proposed Hermite WENO
schemes for solving the Hamilton-Jacobi equations on structured meshes. In 1996, Lafon
and Osher [10] constructed the ENO schemes for solving the Hamilton-Jacobi equations
on unstructured meshes. Zhang and Shu [25], Li and Chan [12] further developed high
order WENO schemes for solving two dimensional Hamilton-Jacobi equations by using
the nodal based weighted essentially non-oscillatory algebraic polynomial reconstruc-
tions on triangular meshes. And some finite element methods for arbitrary triangular
meshes were developed in [2, 3, 6, 11]. Unlike the discontinuous Galerkin (DG) method
of Hu and Shu [6] which applied DG framework on the conservation law system satis-
fied by the derivatives of the solution, Cheng and Shu presented DG methods to directly
solve HJ equations (1.1) for φ in [5] and new flux was presented to keep stability of the
method. In [24], a new DG method to directly solve HJ equations (1.1) was presented, in
which local DG method was applied to approximate derivatives of φ.

This is a continuation paper for solving the Hamilton-Jacobi equations [7,16,17,20,25],
following the (H)WENO methodologies for the conservation laws [18, 19, 26, 27]. We
evolve both the cell averages of the viscosity solution φ and its derivatives over the target
cell. Both the cell average of the solution and the cell averages of its derivatives are used
to reconstruct the point values of the solution φ and its derivatives at different Gauss-
Lobatto quadrature points on the target cell and its boundaries, respectively. Comparing
with the original WENO schemes of Jiang and Peng [7], Qiu [16], Li and Chan [12], one
major advantage of HWENO schemes [17, 20] is its compactness in the reconstructions,
since both the solution and its derivatives are evolved in time. Also, the new HWENO
schemes are more compact than the original HWENO schemes, e.g., [17, 20], easily in
using the same one set of spacial stencils in the reconstructions and purely on the finite
volume framework.

The organization of this paper is as follows: in Section 2, we review and construct the
new finite volume HWENO schemes in 1D and 2D in detail for solving Hamilton-Jacobi
equations and present extensive numerical results in Section 3 to verify the accuracy and
stability of these approaches. Concluding remarks are given in Section 4.

2 The construction of HWENO schemes for the Hamilton-Jacobi

equations


