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Abstract: In this paper, we study a class of singular fractional differential system

with Riemann-Stieltjes integral boundary condition by constructing a new cone and

using Leggett-Williams fixed point theorem. The existence of multiple positive solu-

tions is obtained. An example is presented to illustrate our main results.
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1 Introduction

In recent years, the theory of integral boundary value problems have been studied widely

and there are many excellent results (see [1]–[11] and references therein). In [12], by means

of the fixed point index theory in cones, the authors obtained the existence and multiplicity

of positive solutions for a singular fractional differences equation
Dα

0+u(t) + q(t)f(t, u(t)) = 0, 0 < t < 1, n− 1 < α ≤ n,

u(k)(0) = 0, 0 ≤ k ≤ n− 2, u(1) =

∫ 1

0

u(s)dA(s),
(1.1)

Received date: Oct. 17, 2018.
Foundation item: The University NSF(KJ2017A442, KJ2018A0452) of Anhui Provincial Education Depart-

ment and the Foundation (2016XJGG13, 2019XJZY02, 2019XJSN03) of Suzhou University.
* Corresponding author.
E-mail address: liz.zhang@yeah.net (Zhang H Y), liz.zhanghy@163.com (Li Y H).



NO. 3 ZHANG H. Y. et al. SINGULAR FRACTIONAL DIFFERENTIAL SYSTEM 209

where α ≥ 2, Dα
0+ is standard Riemann-Liouville derivative, q(t) may be singular at t = 0

or t = 1, f(t, u) may also be singular at u = 0,

∫ 1

0

u(s)dA(s) denotes the Riemann-Stieltjes

integral, A is a function of bounded variation.

Recently, the coupled boundary value problems to fractional differential systems were

caught much attention. For example, Henderson and Luca[13] investigated the nonexistence

of a system of nonlinear Riemann-Liouville fractional differential equations with coupled

integral boundary conditions

Dα
0+u(t) + λf(t, u(t), v(t)) = 0, 0 < t < 1, n− 1 < α ≤ n,

Dβ
0+v(t) + µg(t, u(t), v(t)) = 0, 0 < t < 1, m− 1 < β ≤ m,

u(k)(0) = 0, 0 ≤ k ≤ n− 2, u(1) =

∫ 1

0

v(s)dH(s),

v(j)(0) = 0, 0 ≤ j ≤ m− 2, v(1) =

∫ 1

0

u(s)dK(s),

(1.2)

where Dα
0+ and Dβ

0+ denote Riemann-Liouville derivative of orders α and β,

∫ 1

0

v(s)dH(s)

and

∫ 1

0

u(s)dK(s) are the Riemann-Stiegjes integrals.

Henderson et al.[14]–[15] also studied the following system with uncoupled integral bound-

ary conditions

Dα
0+u(t) + λf(t, u(t), v(t)) = 0, 0 < t < 1, n− 1 < α ≤ n,

Dβ
0+v(t) + µg(t, u(t), v(t)) = 0, 0 < t < 1, m− 1 < β ≤ m,

u(k)(0) = 0, 0 ≤ k ≤ n− 2, u(1) =

∫ 1

0

u(s)dH(s),

v(j)(0) = 0, 0 ≤ j ≤ m− 2, v(1) =

∫ 1

0

v(s)dK(s).

(1.3)

Motivated by the aforementioned papers, a natural question is whether the coupled and

the uncoupled integral boundary conditions can be unified in a system. If we have unified

the conditions, how can we obtain the existence of the solution? This question motivates

the study of the existence of multiple positive solutions for the following singular boundary

value problems of fractional differential equations:

Dα1

0+u(t) + a1(t)f1(t, u(t), v(t)) = 0, 0 < t < 1, n1 − 1 < α1 ≤ n1,

Dα2

0+v(t) + a2(t)f2(t, u(t), v(t)) = 0, 0 < t < 1, n2 − 1 < α2 ≤ n2,

u(k1)(0) = 0, 0 ≤ k1 ≤ n1 − 2, u(1) = g1(β1[u], β1[v]),

v(k2)(0) = 0, 0 ≤ k2 ≤ n2 − 2, v(1) = g2(β2[u], β2[v]),

(1.4)

where αi > 2, Dαi

0+ is the standard Riemann-Liouville derivative, ai(t) ∈ C((0, 1), [0, +∞))

may be singular at t = 0 and/or t = 1, fi ∈ C([0, 1]× [0, +∞)× [0, +∞), [0, +∞)), ni ∈ Z,

ni ≥ 3, i = 1, 2. The functionals gi ∈ C([0, +∞)× [0, +∞), [0, +∞)) are linear functionals


