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Abstract. Suppose~b=(b1,··· ,bm)∈ (BMO)m, IΠb
α,m is the iterated commutator of~b and

the m-linear multilinear fractional integral operator Iα,m. The purpose of this paper is
to discuss the boundedness properties of Iα,m and IΠb

α,m on generalized Herz spaces with
general Muckenhoupt weights.
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1 Introduction

Let R
n be the n-dimensional Euclidean space, (Rn)m =R

n×···×R
n be the m-fold prod-

uct space (m ∈ N), and let ~f = ( f1,··· , fm) be a collection of m functions on R
n. Given

α ∈ (0,mn) and (b1,··· ,bm) ∈ (BMO)m. We consider the following multilinear fractional
integral operators Iα,m defined by

Iα,m(~f )(x)=
∫

(Rn)m

f1(y1)··· fm(ym)

(|x−y1|+···+|x−ym|)mn−α
dy1 ···dym. (1.1)

The corresponding iterated commutators IΠb
α,m defined by

IΠb
α,m(~f )(x)=

∫

(Rn)m

∏
m
i=1(bi(x)−bi(yi) fi(yi)

(|x−y1|+···+|x−ym|)mn−α
dy1 ···dym. (1.2)

As is well known, multilinear fractional integral operator was first studied by
Grafakos [1], subsequently, by Kenig and Stein [2], Grafakos and Kalton [3]. In 2009,
Moen [4] introduced weight function A~p,q and gave weighted inequalities for multilinear
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fractional integral operators; In 2013, Chen and Wu [5] obtained the weighted norm in-
equalities for the iterated commutators IΠb

α,m. More results of the weighted inequalities for
multilinear fractional integral and commutators can be found in [6–9].

We list some results mentioned above.

Theorem 1.1 (see [4]). Let m≥ 2 and 0< α<mn. Suppose 1/p= 1/p1+···+1/pm, 1/q=
1/p−α/n, ~ω=(ω1,··· ,ωm) satisfies the A~p,q condition, and ν~ω=∏

m
i=1ωi. If p1,··· ,pm∈(1,∞),

then there exists a constant C independent of ~f =( f1,··· , fm) such that

‖Iα,m
~f‖Lq(ν

q
~ω
)≤C

m

∏
i=1

‖ fi‖Lpi (ω
pi
i ). (1.3)

Theorem 1.2 (see [5]). Let 0 < α < mn and (b1,··· ,bm)∈ (BMO)m. For 1 < p1,··· ,pm < ∞,
1/p= 1/p1+···+1/pm, and 1/q= 1/p−α/n, if ~ω∈ A~p,q, then there exists a constant C> 0
such that

‖IΠb
α,m(~f )‖Lq(ν

q
~ω
)≤C

m

∏
i=1

‖bi‖∗‖ fi‖Lpi (ω
pi
i )

, (1.4)

where ν~ω =∏
m
i=1ωi.

Let Bk ={x∈R
n : |x|≤2k} and Ck =Bk\Bk−1 for any k∈Z. Denote χk =χ

Ck
for k∈Z,

where χ
Ck

is the characteristic function of the set Ck. The following weighted Herz space
was introduced by Lu and Yang in [10].

Let σ∈R, 0< p,q<∞ and ω1, ω2 be two weight functions on R
n. The homogeneous

weighted Herz space K̇
σ,p
q (ω1,ω2) is defined by

K̇
σ,p
q (ω1,ω2)=

{

f ∈L
q
loc(R

n\{0},ω2) : ‖ f‖K̇
σ,p
q (ω1,ω2)

<∞
}

,

where

‖ f‖K̇
σ,p
q (ω1,ω2)

=
( ∞

∑
k=−∞

ω1(Bk)
σp/n‖ f χk‖

p

L
q
ω2

)1/p
.

In 2000, Lu, Yabuta and Yang in [11] obtained boundedness results for sublinear op-
erators on weighted Herz spaces with general Muckenhoupt weights. Recently, many
authors considered the boundedness of operators and their commutators on weighted
Herz type spaces. Wang in [12] proved that the intrinsic square functions are bounded
on weighted Herz type Hardy spaces. In [13], Hu and Wang considered parametric
Marcinkiewicz integral and its commutator on Weighted Herz spaces.

For a sequence ϕ={ϕ(k)}∞
−∞, ϕ(k)>0. We suppose that ϕ satisfies doubling condition

of order (a,b) and write ϕ∈D(a,b) if there exists C≥1 such that

C−12a(k−j)≤
ϕ(k)

ϕ(j)
≤C2b(k−j) (1.5)


