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Abstract. Let L= —A+V be a Schrédinger operator acting on L?(R"), n > 1, where
V #0 is a nonnegative locally integrable function on IR”. In this article, we will intro-
duce weighted Hardy spaces Hf (w) associated with L by means of the square function
and then study their atomic decomposition theory. We will also show that the Riesz
transform VL~1/2 associated with L is bounded from our new space Hf(w) to the
classical weighted Hardy space HY (w) whenn/(n+1) <p<land w€ A;NRH -
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1 Introduction

Letn>1and V be a nonnegative locally integrable function defined on IR", not identically
zero. We define the form Q by

Q(u,v) :/ Vu-Vodx+ | Vuvdx
n ]Rn
with domain D(Q) =V xV where
2mny. OU 12 mn 2(R1
V:{uEL (R ):JEL (R") for k=1,---,n, and VVuecL*(R )}
k
It is well known that this symmetric form is closed. Note also that it was shown by Si-
mon [27] that this form coincides with the minimal closure of the form given by the same

expression but defined on C§°(R") (the space of C* functions with compact supports). In
other words, C5°(IR") is a core of the form Q.
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Let us denote by L the self-adjoint operator associated with Q. The domain of L is
given by

D(L):{MEV:EIUELz(]R”) such that Q(u,(p):/wv-(pdx, V(pe\?}.

Formally, we write L = —A+V as a Schrodinger operator with the potential V. Let
{e7'L};~0 be the semigroup of linear operators generated by —L and p;(x,y) be its k-
ernel. Since V is a nonnegative function on IR", then the Feynman-Kac formula implies
that

x—yl?

1
0<pi(x,y) < Wexp{ 1 } (1.1)

for all >0 and all x,y €R" (see [24]).

The operator VL~1/2 is called the Riesz transform associated with L, which is defined

by

VL) () == [ Ve () () T (12)

Vo Vi

This operator is bounded on L?(R") (see [17]). Moreover, it was proved in [1,5] that by
using the molecular decomposition of functions in the Hardy space H} (IR") associated
with L, the operator VL1/2 is bounded from H} (R") into L!(IR"), and hence, by inter-
polation, is bounded on L?(R") for all 1 < p <2. Now we assume that V € RH, (Reverse
Holder class). In [25], Shen showed that VL~1/2 is a Calderén-Zygmund operator if g >1n.
On the other hand, when /2 < g <n, then VL™1/2 is bounded on L?(R") for 1< p < py,
where 1/py=1/9—1/n, and the above range of p is optimal (see also [25]). For more in-
formation about the Hardy spaces H} (R") associated with Schrodinger operators when
0< p<1, we refer the readers to [6-10,29,31] and the references therein.

In the weighted case, in [28], Song and Yan introduced the weighted Hardy spaces
H} (w) associated with L in terms of the square function and established their atomic
decomposition theory. Furthermore, they also showed that the Riesz transform VL~1/2
is bounded on L?(w) for 1 < p <2, and bounded from H;} (w) to the classical weighted
Hardy space H!(w).

As a continuation of [28], the main purpose of this paper is to define the weighted
Hardy spaces H} (w) associated with L for 0 < p <1 and then study their atomic char-
acterizations. Moreover, we will also prove that VL~1/2 is bounded from H! (w) to the
classical weighted Hardy space H” (w) for n/(n+1) < p <1. Our main result is stated as
follows.

Theorem 1.1. Suppose that L=—A+V. Let n/(n+1) <p<1and we€ A;NRH ;). Then
the operator ¥ L~Y/2 is bounded from H (w) to the classical weighted Hardy space HF (w).

It is worth pointing out that when L = —A is the Laplace operator on R”, then the
space HJ (w) coincides with the classical weighted Hardy space H?(w). Therefore, in
this special case, we can derive that the classical Riesz transform V(—A)~1/2 is bounded



