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THE LOWER DENSITIES OF SYMMETRIC PERFECT SETS
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Abstract. In this paper, we give the exact lower density of Hausdorfasuee of a class of
symmetric perfect sets.
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1 Introduction
Let 0< s< « andv be a measure oR". The upper and lowesdensities ofv atx € R" are
defined as

)

S0y 3 — i v(B(x.r))
O =l

and

O3 (v,x) = Iirrn_igf %,

respectively, wher8(x,r) denotes the closed ball with diameterghd centex.

Symmetric perfect sets are nowhere dense perfect subgétdjofonstructed in the follow-
ing manner.Suppode= [0, 1], let {ck }k>1 be a real number sequence satisfying 6 < %(k >
1). Foranyk > 1, let

Dy = {(i1,--,ix) 1 ij €{1,2}, D= [ J D,
k>0
whereDg = 0. If

O-:(O-lv"'>o-k)€Dk> T:(Tlv"'>Tm)€Dm7
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let

U*T:(Ul,"',Uk,Tl,"‘,Tm).

LetF = {lys: o € D} be the collection of the closed sub-intervald shtisfying

D)lpg=1;

i) For anyk > 1 ando € Dg_1, lg4i (i = 1,2) are sub-intervals d§. l4.1,15+2 are arranged
from the left to the rightl.1 andls have the same left endpoin,.o andls have the same right
endpoint.

iif) Foranyk > 1 ando € Dy_1, j = 1,2, we have

“U*j‘

o ’

where|A| denotes the diameter 8f
Let

B= 1o, E=[Ex

oeDyg k>0
we call E the symmetric perfect set and céll = {l, : o € Dy} thek-order basic intervals of
E. The middle-third Cantor set is a well-known example of thesetric perfect set.
Let x¢ be the length of &-order basic intervalyy the length of the gap between any two
consecutive sub-intervalg.,; andlg,», whereo € Dy_;. Assume that
(1) There exist¥y € N such that
Ck <

Wl

for all k > ko.

(2) kIm 2% exists and is positive finite.

In [8], we gave a formula to calculate the uppedensity of Hausdorff measure for a class
of symmetric perfect sets.

Theorem 1. Let E be a symmetric perfect set(1) and (2) hold, then

O*(Lg,X) for pye—ae xeE,

where L is the restriction of the Hausdorff measure® over the set E and s is the Hausdorff
dimension of the set E.

This paper gives an analogue for the lovgatensity of the Hausdorff measure. Our main
result is

Theorem 2. Let E be the symmetric perfect set(2j holds, then

G)i(uE,x):+ for uyg—ae xcE.
25(2s —1)s



