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Abstract. In this paper we prove two theorems on the degree of approximation of
continuous functions by matrix means related to partial sums of a Fourier series in
the Hölder metric. These theorems can be taken as counterparts of those previously
obtained by T. Singh [3].
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1 Introduction and the aim of the paper

The space of all 2π- periodic continuous functions f on [0, 2π] with Fourier series

f (x) ∼ a0

2
+

∞

∑
n=1

(an cos nx + bn sin nx)

is denoted by C2π.
The space Hω is defined by

Hω = { f ∈ C2π : | f (x)− f (y)| ≤ Kω(|x− y|)},

while the norm ‖ · ‖ω∗ is defined by

‖ f ‖ω∗ = ‖ f ‖C + sup
x,y

∆ω∗ f (x, y),
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where

‖ f ‖C = sup
0≤x≤2π

| f (x)|,

∆ω∗ f (x, y) =
| f (x)− f (y)|
ω∗(|x− y|) , x 6= y,

and ∆0 f (x, y) = 0.
The functions ω(t) and ω∗(t) are assumed to be increasing functions of t. If ω(|x −

y|) ≤ K1|x− y|α and ω∗(|x− y|) ≤ K2|x− y|β, 0 ≤ β < α ≤ 1, where K1, K2 are positive
constants, then the space

Hα = { f ∈ C2π : | f (x)− f (y)| ≤ K|x− y|α, 0 < α ≤ 1}

is a Banach space [8] and the metric induced by the norm ‖ · ‖α on Hα is said to be a
Hölder metric.

Let Sn( f ; x) denote the n-th partial sum of Fourier series of the function f . Let A :=
(an,k) (k, n = 0, 1, · · · ) be a lower triangular infinite matrix of real numbers and let the
A-transform of {Sn( f ; x)} be given by

Tn,A( f ) := Tn,A( f ; x) :=
n

∑
k=0

an,kSk( f ; x), (n = 0, 1, · · · ).

The following notations will be used later:

φx(t) := f (x + t) + f (x− t)− 2 f (x),
Dn,A( f ) := Tn,A( f )− f .

Seemingly, was Chandra [1] who for the first time extended Prössdorf’s [8] results to find
the degree of approximation of a continuous function using the Nörlund transform. Later
on, Mohapatra and Chandra [2] obtained a number of interesting results on the degree
of approximation in the Hölder metric using matrix transforms, which generalize all the
previous results based on Cesàro and Nörlund transforms. Their result can be read as
follows:

Theorem 1.1. Let A := (an,k) (k, n = 0, 1, · · · ) be a lower triangular infinite matrix such that

an,k ≥ 0, n, k = 0, 1, 2, · · · , and
n

∑
k=0

an,k = 1, (1.1a)

an,k ≤ an,k+1, k = 0, 1, 2, · · · , n− 1; n = 0, 1, 2, · · · . (1.1b)

Then for f ∈ Hα, 0 ≤ β < α ≤ 1

‖Dn,A( f )‖β =

{
O(nβ−α) +O(an,nnβ−α+1), 0 < α < 1,
O(nβ−1) +O(an,nnβ(log n)1−β), α = 1.


