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Abstract. High order approximations of the vortical flowfield and resulting aero-
dynamic coefficients of complex supersonic vortical flows, are computed using the
Implicit Parabolized Navier-Stokes solver (IMPNS). Third and fifth order Weighted
Essentially Non-oscillating (WENO) schemes for evenly spaced and for stretched
structured meshes are employed for the approximate Riemann solution of the invis-
cid cross flow fluxes. An approximate Riemann solution is obtained using the Os-
her and Solomon solver and the one-equation Spalart-Allmaras turbulence model
is modified for an improved strain-vorticity approximation. Results indicate that
even on much coarser meshes the 5 order PNS-WENO-Spalart-Allmaras approach
may achieve results that are superior to previously published full Navier-Stokes so-
lutions that employ a two-equation RANS model but the additional computational
demand of schemes for non-uniform grids, may not be justifiable for smoothly
varying meshes. The proposed PNS-WENO scheme combination provides a novel
approach that is fast, accurate and robust, and that can substantially reduce numer-
ical dissipation and improve the resolution of the vortical structures.
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1 Introduction

Three-dimensional supersonic flows are often characterised by strong viscous/invis-
cid interactions which often require a prohibitive number of grid points for compu-
tational analysis. The computational cost of an accurate Navier-Stokes solution can
often be eluded through suitable assumptions applicable to the supersonic problem
under consideration. The Parabolized Navier-Stokes equations (PNS) are an approx-
imate form, which through suitable assumptions reduces the complex nature of the
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Navier-Stokes (NS) equations to a set of mixed parabolic-hyperbolic equations solv-
able through a space marching approach. This technique of solution ultimately pro-
vides considerable savings in computational cost, allowing more resources to be allo-
cated to finer grids for a better resolution of the flowfield.

As constant increases in computing power advance us towards more accurate and
detailed numerical flow solutions, more accurate mathematical models substantially
increase accuracy without the need for grid alterations. Considerable improvements
have been made since the piecewise constant approximation of the original first-order
Godunov scheme and current higher order methods offer large benefits at a very af-
fordable computational cost. High resolution schemes are most often applied on the
full NS equations and from the authors’ research it appears that there is no docu-
mented evidence of orders higher than three ever being applied to the PNS equations.
Vortical flows are significantly degraded down stream and in the absence of signifi-
cant mesh refinement around the vortex structure, the dissipation introduced by most
numerical algorithms is readily manifested through a non-physical loss of vorticity.

The implicit, multizone, space-marching solver, IMPNS [1-3], was originally de-
veloped for the aerodynamic prediction of supersonic viscous flowfields. By em-
ploying 31 (WENOB) and 5% (WENOS5) order weighted non-oscillating schemes for
equally spaced meshes as well as much more complex 3 (WENO3-SG) and 5% order
(WENOS5-SG) formulations for stretched structured grids, the present investigation
attempts to minimize the loss in vorticity introduced through grid and discretization
errors. This results in a highly efficient and robust solver whose accuracy is on par
with more detailed Navier-Stokes solvers but whose savings in terms of memory and
computational time of solution are significant. The present investigation also proposes
a modification to the production constant in the Spalart Allmaras model which is in-
troduced following the strain-vorticity formulation originally put forward by Dacles-
Mariani [4]. Results are obtained for a turbulent tangent ogive-cylinder and found
to be superior to well documented results using a much more complete full Navier-
Stokes approach with more complex turbulence models on much finer grids. Follow-
ing the validation, the flowfield over a more intricate geometry possessing four delta
type fins placed in an ”X” configuration is investigated with the same schemes.

1.1 Reviewing the use of PNS equations and high resolution schemes

The Parabolized Navier Stokes Equations have been applied successfully since the
late 1960’s but the mixed hyperbolic-parabolic equation set still requires that certain
prescribed conditions are met [5]. The conditions require that the inviscid flow in the
region outside the boundary layer remain supersonic throughout and that there is no
streamwise flow reversal. A further constraint stems from the streamwise pressure
gradient which is neglected in many older formulations but may be kept allowing
some upstream influence through the boundary layer provided one of several tech-
niques is applied to avoid the departure solutions that would otherwise unfold.

One of the first uses of the PNS equation was by Rudman and Rubin in 1968 [6],



