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Abstract. In this paper we extend the idea of interpolated coefficients for a semilinear
problem to the quadratic triangular finite volume element method. At first we intro-
duce quadratic triangular finite volume element method with interpolated coefficients
for a boundary value problem of semilinear elliptic equation. Next we derive conver-
gence estimate in H'-norm, L?>-norm and L*®-norm, respectively. Finally an example is
given to illustrate the effectiveness of the proposed method.
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1 Introduction

The finite volume element method is a discretization technique for solving partial dif-
ferential equations, especially for those that arise from physical laws including mass,
momentum, and energy. The method has been widely used in computational fluid me-
chanics and other applications because it keeps the mass conservation [2,5-7,11,12, 14,
15,17,18,21,22,25-28,34]. As far as the method is concerned, it is identical to the special
case of the generalized difference method or GDM proposed by Li-Chen-Wu [21].

The finite element method with interpolated coefficients is an economic and graceful
method. This method was introduced and analyzed for semilinear parabolic problems
in Zlamal [35]. Later Larsson-Thomee-Zhang [19] studied the semidiscrete linear trian-
gular finite element with interpolated coefficients and Chen-Larsson-Zhang [10] derived
almost optimal order convergence on piecewise uniform triangular meshes by use of su-
perconvergence techniques. Xiong-Chen studied superconvergence of finite element for
some semilinear elliptic problems [29-31]. Xiong-Chen first put the interpolation idea
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into the finite volume element method and studied the finite volume element with in-
terpolated coefficients of the two-point boundary problem [32] and the linear triangular
finite volume element method for a class of semilinear elliptic equations [33].

Li [20] has considered the finite volume element method for a nonlinear elliptic prob-
lem and obtained the error estimate in H'-norm. Chatzipantelidis-Ginting-Lazarov [8]
have studied the finite volume element method for a nonlinear elliptic problem, estab-
lished the error estimates in H'-norm, L?>-norm and L®-norm. Bi [3] obtains the H!
and W' superconvergence estimates between the solution of the finite volume element
method and that of the finite element method for a nonlinear elliptic problem. In this
paper, we put the excellent interpolating coefficients idea into the finite volume element
method on triangular mesh for a semilinear elliptic equation.

We denote Sobolev space and its norm by W*"(Q) and ||-||,, respectively [1]. If r=2,
simply use H*(-) and ||-||x and ||-|| = ||-||o is L>norm. Further we denote with ' the
adjoint of 7, i.e.,

ror
We assume that the exact solution u is sufficiently smooth for our purpose. Throughout
this paper, the constant C denotes different positive constant at each occurrence, which is
independent of the mesh size h.

The rest of the paper is organized as follow. First we introduce the quadratic trian-
gular finite volume element method with interpolated coefficients in Section 2 and give
preliminaries and some lemmas in Section 3. Next we derive optimal order H'-norm,
L2-norm and L®-norm estimates, respectively, in Section 4. Finally the theoretical results
are tested by a numerical example in Section 5.

2 Quadratic finite volume element method with interpolated
coefficients

Let QO CIR? be a bounded polygonal domain. Consider the second-order semilinear ellip-
tic boundary value problem:

{ —Au+f(u)=g in Q, 2.1)

u=0 on JdQ).

It is assumed that f(s) is the sufficiently smooth function with respect to s, and f’(s) >0
for finite interval.

Let V C Q) be any control volume with piecewise smooth boundary oV Integrate (2.1)
over control volume V, then by the Green’s formula, the conservative integral of (2.1)
reads, finding u, such that

ou
_ /a s+ /V F(u)dxdy = /V gdxdy, VcQ. (22)



