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Abstract. A new vector-valued Padé-type approximation is defined by introducing a gener-
alized vector-valued linear functional from a scalar polynomial space to a vector space. Some
algebraic properties and error formulas are presented. The expressions of this Padé-type ap-
proximants are provided with the generating function form and the determinant form.
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1 Introducton

There are various definitions for vector Padé approximants. In [10], Wynn was led to use the
McLeod isomorphism between vectors and some matrices (Clifford numbers) for establishing
results for the Padé approximants. This theory was developed by Graves-Morris in [4,5] by using
the theory of vector continued fractions. Graves-Morris and Jenkins [6] introduced an axiomatic
approach to generalized inverse vector Pad’e approximants (GIPA). Gu [7] extended GIPA to
the matrix case on the basis of scalar product of matrices. However, GIPA possesses the degree
constraint and divisibility constraint. The constraints imply that the method does not construct
vector Padé approximants of type [m/n] when n is an odd number. Roberts [8] gave another
approach to vector Padé approximants by using Clifford algebra. Salam [9] defined vector Padé-
type approximants and vector Padé approximants following the same ideas as in the case of
scalar quantities [1,2]. Salam’s approach is based on Clifford’s algebra structures in theory. It
is difficult to compute vector Padé approximants since it deals with multiplication of concerned
vectors.

The aim of this paper is to define a new vector-valued Padé-type approximation (V PTA) to
improve GIPA in [4-6] following the same ideas as Brezinski developed in the scalar case [2],
but it is different from Salam’s Clifford algebra approach. At the same time it will be shown
that our approach can fill the gap of the method of Graves-Morris and Jenkins. In other words,
the method in this paper can construct vector Padé approximants of type [m/n] regardless of
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whether n is even or odd. The definition and construction of V PTA are given in Section 2.
Some algebraic properties and error formulas are presented in Section 3. On the basis of the
orthogonal polynomials, two explicit determinant formulas of V PTA are established in Section
4.

2 Definition and construction of V PTA

Let H be an inner product space with the element ~v ∈ Cd and with inner product

(~a,~b) = ~a ·~b =

d∑

i=1

aibi,

where
~a = (a1, a2, · · · , ad)

T , ~b = (b1, b2, · · · , bd)
T ∈ H.

Here T denotes the transpose of the given vector. The Euclidean norm of the vector ~v is given
by

‖~v‖2 = ~v · ~v∗ =

d∑

i=1

|vi|
2, (1)

where ~v∗ denotes the complex conjugate vector of ~v.
On the the basis of (1) the generalized inverse (or Samelson inverse) of a vector ~v is defined

by
~v−1 = 1/~v = ~v∗/‖~v‖2, ~v 6= 0, ~v ∈ H. (2)

The generalized inverse (2) was used to build GIPA in [4,5].
Let P denote the vector space of scalar polynomials in one real variable whose coefficients

belong to the complex field C, and let Pk denote the set of elements of P of degree less than or
equal to k. A d-dimensional vector polynomial ~u(x) = (u1(x), u2(x), · · · , ud(x))T is said to be of
degree k if

k = max{deg{u1(x)}, deg{u2(x)}, · · · , deg{ud(x)}}.

Let ~f(z) be a formal vector power series:

~f(z) = ~c0 + ~c1z + ~c2z
2 + · · · + ~cnzn + · · · , ~ci ∈ H, z ∈ C. (3)

Let ϕ : P → Cd be a generalized vector-valued linear functional, acting on x and defined by

ϕ(xn) = ~cn, ~cn ∈ H, n = 0, 1, 2, · · · . (4)

Assume |xz| < 1 we may write

(1 − xz)−1 = 1 + xz + (xz)2 + · · · .

It follows from (4) that

ϕ(1 − xz)−1 = ϕ(1 + xz + (xz)2 + · · · )

= ~c0 + ~c1z + ~c2z
2 + · · · + ~cnzn + · · · = ~f(z).

Let v be a scalar polynomial of Pn of degree n:

v(z) = b0 + b1z + · · · + bnzn, (5)


