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Abstract. In this paper, we consider the initial boundary value problem of a coupled
compressible Navier-Stokes/Allen-Cahn system which is described the motion of a
mixture of two viscous compressible fluids in 3D. Our aim is to show the existence and
uniqueness of local classical solution under the assumption of spherically symmetric
condition for initial data ρ0 without vacuum state.
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1 Introduction

As we know, the interface between fluids is usually assumed to be separated by a sharp

interface in classical models. But when the sharp interface is replaced by a narrow tran-

sition layer in some cases, we can introduce a phase field variable χ and define a mixing

energy by χ and its spatial gradient. Therefore, this model is a strong coupling systems

between the Navier-Stokes equations and the Allen-Cahn equations by the Cauchy stress

tensor.

In this paper, we shall consider the model proposed by Blesgen [1], which had been

investigated in [2] as follows.

∂tρ+divx(ρu)=0, (1.1)

∂t(ρu)+divx(ρu⊗u)=divx(T), (1.2)
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∂t(ρχ)+divx(ρχu)=−µ(ρ,χ,∆χ), (1.3)

ρµ=−δ∆χ+ρ
∂ f (ρ,χ)

∂χ
, (1.4)

where ρ,u and χ denote the density function, the velocity filed, and the phase variable,

respectively. The Cauchy stress tensor satisfies

T=S−δ

(
∇xχ⊗∇xχ− |∇xχ|2

2
I

)
−p(ρ,χ)I,

S=ν(χ)

(
∇xu+∇k

x
u− 2

3
divxuI

)
+η(χ)divxuI,

where p = ρ2 ∂ f (ρ,χ)
∂ρ is the thermodynamic pressure, and f (ρ,χ) is the potential energy

density.

If we take the density ρ be a positive constant, then the system above reduces to an

incompressible one. The diffuse interface models for two-phase flows of incompress-

ible fluids have been extensively studied. For the coupled Navier-Stokes/Allen-Cahn

system with
∂ f
∂χ = 1

δ (χ
3−χ), where δ is a positive constant and

√
δ represents the thick-

ness of the interface, Zhao et al. [3] investigated the vanishing viscosity limit and they

proved that the solutions of the Navier-Stokes/Allen-Cahn system converge to that of

the Euler/Allen-Cahn system in a proper small time interval. Babak et al. [4] provided a

unified and comparative description of the most prominent phase field based two-phase

flow models and presented the numerical results of the application of Galerkin-based iso-

geometric analysis to incompressible Navier-Stokes/Cahn-Hilliard equations in velocity-

pressure-phase field-chemical potential formulation. Xu et al. [5] established axisymmet-

ric solutions to coupled incompressible Navier-Stokes/Allen-Cahn equations. Zhang [6]

established a regularity criterion for the 3D incompressible density-dependent Navier-

Stokes-Allen-Cahn system. Moreover, for the Navier-Stokes/Cahn-Hilliard system and

numerical simulations, such as jet pinching-off and drop formation, we refer the readers

to [7–11].

As far as we know, there are less theoretical available results for the compressible

models. For the Navier-Stokes/Allen-Cahn system, Chen et al. [12] investigated the

global existence and uniqueness of strong and classical solutions of 1D initial bound-

ary value problem. Feireisl et al. [2] proved the existence of weak solutions in 3D, where

the density ρ is a measurable function. A different compressible Navier-Stokes/Allen-

Cahn system arising from the biological material change in the process differentiation

had been studied in [13]. Thanks to the ideas of the investigation on the liquid crystals,

Ding et al. [14] have obtained the global solutions for a coupled compressible Navier-

Stokes/Allen-Cahn system in 1D. For the Navier-Stokes/Cahn-Hilliard system, we can

refer the references [15–17] and therein.

For the compressible Navier-Stokes equations, the pressure p is usually chosen as p=
Aργ with A>0 and γ>1, and for Allen-Cahn equation, double-well structural potential


