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Abstract. We are interested in the study of a coupled system of viscoelastic wave equa-
tions with a delay term. Firstly global existence of the solutions is proved. The asymp-
totic behavior is obtained by using multiplier technique proved by A. Guessmia [1],
however in the unstable set for certain initial data bolstered with some conditions, we
obtain the blow up of the solutions for various sign of initial energy negative, positive
or null. We use the same technique in [2] with a necessary modification imposed by
our problem. This improves the earlier results in the literature
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1 Introduction

In this paper, we consider the following problem :

utt−∆u−∆utt+
∫ t

0
g1(t−s)∆u(s)ds+

2

∑
i=1

µiut(x,t−τ(i))+ f1(u,υ)=0, (1.1)

υtt−∆υ−∆υtt+
∫ t

0
g2(t−s)∆υ(s)ds+

2

∑
i=1

αiυt(x,t−τ(i))+ f2(u,υ)=0, (1.2)

u(x,t)=0, υ(x,t)=0 on Γ×(0,+∞), (1.3)

∗Corresponding author. Email addresses: ferhat22@hotmail.fr (M. Ferhat), hakemali@yahoo.com (A.Hak-
em)

http://www.global-sci.org/jpde/ 293



294 M. Ferhat and A. Hakem / J. Partial Diff. Eq., 27 (2014), pp. 293-317

u(x,0)=u0(x), υ(x,0)=υ0(x), ut(x,0)=u1(x), x∈Ω, (1.4)

ut(x,t−τ(2))=φ0(x,t−τ(2)), x∈Ω, t∈ (0,τ2), (1.5)

υt(x,t−τ(2))=φ1(x,t−τ(2)), x∈Ω, t∈ (0,τ2), τ(1)=0, τ(2)=τ2, (1.6)

where Ω is a bounded domain in IRn,n∈ IN∗, with a smooth boundary ∂Ω, and g1,g2 :
IR+→ IR+, fi(·,·) : IR2→ IR, i=1,2, are given functions which will be specified later, τ2>0
is a time delay, where µ1,α1,α2,µ2 are positive real numbers and the initial data (u0,u1, f0),
(υ0,υ1, f1) belonging to a suitable space. Problems of this type arise in material science
and physics.

Recently, the authors of [3] considered the following coupled system of quasilinear
viscoelastic equation in canonical form without delay terms











|ut|ρutt−∆u−γ1∆utt+
∫ t

0
g1(t−s)∆u(s)ds+ f1(x,u)=0, in Ω×(0,+∞),

|υt|ρυtt−∆υ−γ2∆υtt+
∫ t

0
g2(t−s)∆υ(s)ds+ f2(x,u)=0, in Ω×(0,+∞),

(1.7)

where Ω is a bounded domain in IRn (n≥ 1)with a smooth boundary ∂Ω,γ1,γ2 ≥ 0 are
constants and ρ is a real number such that 0< ρ < 2/(n−2) if n ≥ 3 or ρ > 0 if n = 1,2.
The functions u0,u1,υ0 and υ1 are given initial data. The relaxations functions g1 and g2

are continuous functions and f1(u,υ), f2(u,υ) represent the nonlinear terms. The authors
proved the energy decay result using the perturbed energy method.

Many authors considered the initial boundary value problem as follows











utt−∆u+
∫ t

0
g1(t−s)∆u(s)ds+h1(ut)= f1(x,u), in Ω×(0,+∞),

υtt−∆υ+
∫ t

0
g2(t−s)∆υ(s)ds+h2(υt)= f2(x,u), in Ω×(0,+∞),

(1.8)

when the viscoelastic terms gi (i = 1,2) are not taken into account in (1.8), Agre and
Rammaha [4] obtained several results related to local and global existence of a weak
solution. By using the same technique as in [5], they showed that any weak solution
blow-up in finite time with negative initial energy. Later Said-Houari [6] extended this
blow up result to positive initial energy. Conversly, in the presence of the memory term
(gi 6=0 (i=1,2.), there are numerous results related to the asymptotic behavior and blow
up of solutions of viscoelastic systems. For example, Liang and Gao [7] studied problem
(1.8) with h1(ut) =−∆ut, h2(υt) =−∆ut. They obtained that, under suitable conditions
on the functions gi, fi,i = 1,2, and certain initial data in the stable set, the decay rate of
the energy functions is exponential. On the contrary, for certain initial data in the unsta-
ble set, there are solutions with positive initial energy that blow-up in finite time. For
h1(ut) = |ut|m−1ut and h2(υt) = |υt|r−1υt. Hun and Wang [8] established several results
related to local existence, global existence and finite time blow-up ( the initial energy
E(0)<0).


