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Abstract. Lagrange’s variation-of-constants method for solving linear inhomogeneous
ordinary differential equations (ode’s) is replaced by a method based on the Loewy de-
composition of the corresponding homogeneous equation. It uses only properties of
the equations and not of its solutions. As a consequence it has the advantage that it
may be generalized for partial differential equations (pde’s). It is applied to equations
of second order in two independent variables, and to a certain system of third-order
pde’s. Therewith all possible linear inhomogeneous pde’s are covered that may occur
when third-order linear homogeneous pde’s in two independent variables are solved.
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1 Introduction

Linear differential equations have been considered extensively in the mathematical liter-
ature, beginning in the second half of the 19th century. For linear homogeneous ordinary
differential equations (ode’s) there exists a fairly complete theory, culminating in differen-
tial Galois theory and algorithms for finding large classes of solutions. Here this means
always a closed form solution in some well defined function space; in particular nu-
merical or graphical solutions are excluded. For inhomogeneous equations, Lagrange’s
method of variation-of-constants allows finding a special solution if a fundamental sys-
tem for the homogeneous equation is known.

For linear partial differential equations (pde’s) the answer is much less complete. For
homogeneous equations factorizations and Loewy decompositions appear to be the best
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tool for solving them. However, virtually nothing has been done for solving inhomoge-
neous pde’s. The situation is complicated by the fact that it does not seem to be possible
to adjust Lagrange’s method for pde’s.

Therefore in this article a new approach is suggested that does not rely on Lagrange’s
method. It uses the right divisors that may exist for the differential operator correspond-
ing to the left-hand side of an equation and constructs the inhomogeneities for the lower-
order equations corresponding to them. In a second step, a special solution for the origi-
nally given equation is generated.

In this way, for reducible second-order equations in two variables the complete an-
swer is obtained in this article. Furthermore, a certain inhomogeneous third-order system
is considered; it may occur when third-order linear homogeneous pde’s in the plane are
considered that are not completely reducible.

In the subsequent Section 2 inhomogeneous ode’s are solved by a method that does
not apply variation-of-constants. In Section 3 this method is adapted for second-order
pde’s in two independent variables. Section 4 deals with the above mentioned third-
order system.

2 Solving inhomogeneous ODE’s
Let an inhomogeneous linear ode for an unknown y depending on x be given by
Ly=(D"+q:D" ' +4:D" 4+ 4q, 1D+q,)y =R, @1

where D=4 and R#0. Let {y1,--,yx} be a fundamental system for (2.1). Then the
general solution of the homogeneous equation Ly =0 is y = C1y1+--- +C,y,; the C; are
constants. Solving the inhomogeneous equation means to find a special solution o such
that Lyo=R.

The classical procedure for determining vy is the method of variation of constants [1],
Section 5.23, page 122; originally it is due to Lagrange. According to this method, the
C; in the general solution of the homogeneous equation are considered as functions of x.
Substituting the resulting expression into (2.1) and imposing the 7 —1 constraints

CyP )+ -y =0 (2.2)
for k=0,---,n—2 yields the additional condition
"yl 4y Y =R, (2.3)

The linear algebraic system (2.2), (2.3) for the C; has always a solution due to the non-
vanishing determinant of its coefficient matrix which is the Wronskian W(). Conse-
quently determining a special solution yy of the inhomogeneous equation (2.1) requires
only integrations if a fundamental system for the corresponding homogeneous problem



