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Abstract In this paper we study the mixed initial-boundary value problem for
inhomogeneous quasilinear hyperbolic systems in the domain D = {(¢,z) | t > 0,2 > 0}.
Under the assumption that the source term satisfies the matching condition, a sufficient
condition to guarantee the existence and uniqueness of global weakly discontinuous
solution is given.
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1. Introduction and Main Results

Let us consider the following first order inhomogeneous quasilinear hyperbolic sys-

tem P P
u u

—+ A(u)— =B 1.1

0 AW = B, (1)
where u = (u1,--- ,uy,)7 is the unknown vector function of (¢, z), A(u) is an nxn matrix
with suitably smooth entries a;;(u) (i,j =1,--- ,n), and B(u) is a vector function with
suitably smooth elements b;(u) (i = 1,--- ,n) and satisfies

B(0) =0, VB(0) = 0. (1.2)

By hyperbolicity, for any given u on the domain under consideration, A(u) has n
real eigenvalues Aj(u), -, A\,(u) and a complete set of left (resp. right) eigenvectors.
Fori=1,---,n,let l;(u) = (L (w), - ,lin(w) (resp. 75(u) = (ri1(uw), - ,rim(uw)T) be
a left (resp. right) eigenvector corresponding to A;(u):

li(u)A(u) = Ai(w)li(u)  (resp. A(u)ri(u) = Ai(u)ri(u)). (1.3)



We have
det|l;;(u)| # 0 (equivalently, det |r;;(u)| # 0). (1.4)

All \j(u), lij(w) and 745(uw) (4,7 = 1,--- ,n) are supposed to have the same regularity as
aij(u) (Zaj = 17 te 7n)'
Without loss of generality, we assume that

Li(uwrj(uw)=6; (i,j=1,---,n), (1.5)

where ¢;; denotes the Kronecker’s symbol.
For the Cauchy problem of homogeneous system (1.1) (i.e., B(u) = 0) with the
initial data
t=0: u=¢(x), (1.6)

where ¢(z) is a suitably smooth vector function, many results have been established
(cf. [1-5] and references therein). Li and Wang in their recent work [6] obtained a
necessary and sufficient condition to guarantee the existence and uniqueness of global
weakly discontinuous solution to the Cauchy problem (1.1) with a kind of non-smooth
initial data. If B(u) satisfies the matching condition, we have generalized their results
to the inhomogeneous case (cf. [7]).
Suppose
A1(0), -+ ;A (0) <0 < Apg1(0) < -+ < A (0). (1.7)

On the domain D = {(¢,z) | t > 0,z > 0}, we consider the mixed initial-boundary value
problem (MIBVP, in short) (1.1) with initial data (1.6) and the nonlinear boundary
conditions

r=0: wvs= fs(a(t),vr, - ,om)+hs(t) (s=m+1,--- ,n), (1.8)
where
U = ll(u)u (Z =1, 7”) (1 9)
and
a(t) = (ar(t), -+, ap(t)). (1.10)
Without loss of generality, we suppose
fs(a(t),0,---,00=0 (s=m+1,---,n). (1.11)
In the homogeneous case B(u) = 0 it is proved that, if Aj41(u), -+, A\p(u) are

weakly linearly degenerate and the conditions of C! compatibility are satisfied at the
origin (0,0), then MIBVP (1.1), (1.6) and (1.8) admits a unique global classical C'!
solution on D for some small and decaying data (cf. [8]). On the other hand, if only
the conditions of C° compatibility are required at the origin (0,0), under the same
assumptions as in [8], we proved in [9] that MIBVP (1.1), (1.6) and (1.8) admits a
unique global weakly discontinuous solution on the domain D.

Our goal in this article is to generalize the result in [9] to the inhomogeneous case.
Under the assumption that B(u) satisfies the matching condition (see Def. 1.1), we will



