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Abstract We prove the local existence of weak solution of a free boundary prob-
lem for a hyperbolic-parabolic system .
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1. Introduction

In this paper, we consider a free boundary problem arising from some biological
phenomena. In absence of any external signal, the spread of a population density
u(x,t) is described by the diffusion equation

u = dAu (1)

where d > 0 is the diffusion constant. We define the net flux as j = —dVu. If there is
some external signal S, we just assume that it results in a chemotactic velocity 3, then
the flux is

j = —dVu+ [u. (2)
To be more specific, we assume that the chemotactic velocity 8 has the direction of
the gradient V.S and that the sensitivity x to the gradient depends on the signal
concentration S(z,t), then 5= x(S)VS (see[l,2]).

Then we obtain the parabolic chemotaxis equation

up = V(dVu — x(S)VS - u). (3)

We assume that the spatial spread of the external signal is driven by wave, then the
full system for v and S reads as

up = V(dVu — x(S)VS - u) (4)
TStt = aAS + g(S, 'LL) (5)
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The time constant 0 < 7 < 1 indicates that the spatial spread of the organisms u and
the signal S are on different time scales. The case 7 = 0 corresponds to a quasi-steady
state assumption for the signal distribution.

Let © C R™ be a bounded open domain and g CC 2 be an open domain. Assume
a population density u(z,0) to occupies the domain Qg , out of Qg the population
density u(z,0) = 0 and the external signal S to occupies € . For ¢t > 0, u(z,t) spreads
to domain §2; C . Let 0£); denote the boundary of £2; and n; denote the outer normal
vector of 0§, then I' = 9 x (0,T) is the free boundary.

Suppose that the net flux of population density « is ku on 0§, namely

—dVu-ny = ku 0. (6)
On the other hand, notice that the full flux on 9€); is
j=—dVu-n;+ x(S)uVS - ny. (7)
By conservation of population, one has
v, = —dVu - ng + x(S)uVS-ng on 0 (8)

where vy, is the normal diffusion velocity of 9€2; .
Assume I' : ®(z,t) = 0, then

vn, = (L 422 dony
ne — dt ) dt ) ) dt t
_dry dxo dzx, Vo
=G w T a) wa )
where x = (21,292, -+ ,2,) and V = (8%178%2"" ,%).
Notice that
0 0P dxqy 0P dxo 0® dx,
e i S T i Sl 1
ot Tom dat Towm @t T T 0w, ar (10)
Thus (9) and (10) indicate
1 0%
= e 11
T Tvel o (1)
We use (11) in (8) to obtain
0P
Uar = dVu-V& — x(S)uVS-Ve® on 09Q;. (12)
At last we obtain the conditions of the free boundary I
P
—dVu - v =ku on T (13)
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