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Abstract In this paper, we consider the mixed initial-boundary value problem for
quasilinear hyperbolic systems with nonlinear boundary conditions in a half-unbounded
domain {(¢,z)| t > 0,2 > 0}. Under the assumption that the positive eigenvalues are
not all weakly linearly degenerate,we obtain the blow-up phenomenon of the first order
derivatives of C' solution with small and decaying initial data.We also give precise
estimate of the life-span of C'! solution.
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1. Introduction and Main Result

Consider the following first order quasilinear hyperbolic system

ou ou

— 4+ A(u)=— =0 1.1
U AwS =0 (1)
where v = (u1,--- ,u,)? is the unknown vector function of (¢,z) and A(u) is an n x n
matrix with suitably smooth elements a;;(u) (i,j =1,---,n).

By the definition of hyperbolicity, for any given u on the domain under con-
sideration, A(u) has n real eigenvalues A\i(u),---,\,(u) and a complete set of left
(resp. right) eigenvectors. For i = 1,---,n, let l;(u) = (lix(u), -+ ,lin(u)) (resp.
ri(u) = (ri1(u), -, min(w))T) be a left (resp. right) eigenvector corresponding to \;(u):

Li(u)A(u) = Ni(u)l;(u) (1.2)
and
A(u)ri(u) = Xi(w)ri(u). (1.3)
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We have
det |l;;(u)| # 0 (resp. det|ryj(u)| #0). (1.4)
Without loss of generality, we suppose that on the domain under consideration
ll(u)rj(u) = (Sij (2,] = 1, s ,n), (1.5)

where 0;; stands for the Kronecker’s symbol.

We suppose that all \;(u), l;;(u) and r;;(u) (4,5 = 1,-- - ,n) have the same regularity
as a;j(u) (4,7 =1,---,n).

For the Cauchy problem of system (1.1) with the initial data

t=0:u=¢(x), (1.6)

where ¢(x) is a C! vector function with bounded C! norm, many results have been
obtained (see [1-3] and [4]). In particular, by means of the concept of weak linear
degeneracy, for small initial data with certain decaying properties, the global existence
and the blow-up phenomenon of C'*! solution to Cauchy problem (1.1) and (1.6) have
been completely studied (see [5-9] and [10, 11] , also see [12-15]).

For the mixed initial-boundary value problem of system (1.1) with initial data (1.6)
and boundary data

r=0:vs= fo(alt),v1, - ,vm) +hs(t) (s=m+1,---,n), (1.7)
on the domain
D ={(t,a) t> 0,2 >0}, (1.8)
in which
vi=lLi(wu (i=1---,n) (1.9)
and
a(t) = (ai(t), -, o(t)), (1.10)

where ¢(x),a(t) and hy(t)(s =m +1,---,n) is a C! function with certain decay, the
global existence of C'! solution has been obtained under the assumption that the positive
eigenvalues are weakly linearly degenerate (see [16]).In order to consider the blow-up
phenomenon and the life-span of C! solution of system (1.1) and (1.6)-(1.7), in this
paper we consider the mixed initial-boundary value problem for system (1.1) in the half-
unbounded domain above under the assumption that the positive eigenvalues are not
all weakly linearly degenerated. In order to consider global classical solutions and the
blow-up phenomenon of initial value problem (see [8] and [10, 11]), it is only necessary
to estimate C! solution along the characteristic starting from z-axis. However, in this
paper, we even need estimate C' solution along the characteristic starting from y-axis,
actually which can be control by boundary value.
We suppose that the eigenvalues satisfy

A1(0), -+, An(0) <0 < Apg1(0) < -+ - < Ap(0). (1.11)



