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Abstract We study the globally approximate controllability and finite-dimensional
exact controllability of parabolic equation where the control acts on a mobile subset of
Ω ,or, a curve in Q = Ω× (0, T ).
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1. Introduction

Let Ω be a bounded, open, connected set in Rn with boundary ∂Ω. Consider the
following homogeneous Dirichlet problem for the parabolic equation:

∂u

∂t
=

n∑
i,j=1

∂

∂xi
(aij(x, t)

∂u

∂xj
)−

n∑
i=1

bi(x, t)
∂u

∂xi
− a(x, t)u

in Q = (0, T )× Ω, (1.1a)

u|Σ = 0 in Σ = ∂Ω× (0, T ), u|t=0 = u0 in Ω,

under the condition of uniform ellipticity, namely,

µ
n∑

i=1

ξ2
i ≤

n∑
i,j=1

aij(x, t)ξiξj ∀ξi ∈ R a.e. in Q, µ > 0, (1.1b)

where aij = aji, aij ∈ L∞(Q), i, j = 1, ..., n. To guarantee the solvability and unique
continuation, some other assumptions are needed [1-2]:

u0 ∈ L2(Ω), ‖
n∑

i=1

b2
i , a‖q,r,Q ≤ µ,

1
r

+
n

2q
= 1− k, (1.2a)
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
q ∈ [

n

2(1− k)
,∞], r ∈ [

1
1− k

,∞], 0 < k < 1, for n ≥ 2,

q ∈ [1,∞], r ∈ [
1

1− k
,

2
1− 2k

], 0 < k < 1
2 , for n = 1,

(1.2b)

where ‖z‖q,r,Q = (
∫ T

0
(
∫
Ω
|z|qdx)

r
q dt)

1
r ;

∂aij

∂t
∈ L1(0, T ;L∞(Ω)), bi, a ∈ L∞(Q), (1.3)

u0 ∈ H1
0 (Ω), ∂Ω ∈ C2,

∂aij

∂xk
, bi, a ∈ L∞(Q). (1.4)

The conditions (1.2) ensure the existence and uniqueness of a solution to (1.1) from
the space C([0, T ];L2(Ω)) ∩ H1,0

0 (Q)(see Ladyzenskaja [1]), which satisfies the energy
estimate:

‖u‖C([0,T ];L2(Ω)) + ‖u‖H1,0(Q) ≤ c‖u0‖L2(Ω). (1.5)

Here c depends on T and the parameters in (1.1b), (1.2). Under the assumptions (1.4)
this solution lies in H2,1

0 (Q). The assumptions (1.3) allow one to use the backward
uniqueness result.

The reference [2] gives the following unique continuation results:
Proposition 1.1 Let n ≤ 3. Given T > ε > 0, there exists a measurable curve

(ε, T ) 3 t → x̂(t) ∈ Ω̄ such that every solution u ∈ H2,1
0 (Q) to (1.1), (1.3), (1.4) which

vanishes along x̂(·) and vanishes in Q.
Proposition 1.2 Given T > ε > 0, there exists a set-valued map (ε, T ) 3 t →

S(t) ⊂ Ω , mes{S(t)} > 0 such that every solution u ∈ C([0, T ];L2(Ω)) ∩ H1,0
0 (Q) to

(1.1), (1.2), (1.3) which satisfies the equality
∫

S(t)
udx = 0 on (ε, T ) vanishes in Q.

Furthermore, [2] studies the approximate controllability of the following control
system:

∂ϕ

∂t
=

n∑
i,j=1

∂

∂xi
(aij(x, T − t)

∂ϕ

∂xj
)

+
n∑

i=1

∂

∂xi
(bi(x, T − t)ϕ)− a(x, T − t)ϕ + B(T − t)v(t) in Q, (1.6)

ϕ =0 inΣ, ϕ|t=0 = 0,

where B(·) is a linear operator defined on a linear manifold V ⊆ L2(0, T ) by one of the
following formulas:

B(T − t)v(t) = v(t)×
{

1, if x ∈ S(T − t),
0, if x /∈ S(T − t),

S(t) ⊂ Ω a.e. in [0, T ], (1.7)

or
B(T − t)v(t) = v(t)δ(x− x̂(T − t)), x̂(t) ∈ Ω̄ a.e. in [0, T ], (1.8)


