J. Math. Study Vol. 50, No. 3, pp. 277-290
doi: 10.4208 /jms.v50n3.17.05 September 2017

Decay and Scattering of Solutions to Nonlinear
Schrodinger Equations with Regular Potentials
for Nonlinearities of Sharp Growth

Ze Li*and Lifeng Zhao

Wu Wen-Tsun Key Laboratory of Mathematics, Chinese Academy of Sciences and
Department of Mathematics, University of Science and Technology of China, Hefei
230026, Anhui, PR. China

Received January 24, 2017; Accepted (second revised) August 25, 2017

Abstract. In this paper, we prove the decay and scattering in the energy space for non-
linear Schrédinger equations with regular potentials in RY namely, idyu+Au—V (x)u+
MulP~1u=0. We will prove decay estimate and scattering of the solution in the small
data case when 1+% <p< 1+ﬁ, d > 3. The index 1+§ is sharp for scattering con-
cerning the result of Strauss [22]. This result generalizes the one-dimensional work of
Cuccagna et al. [4] to all d > 3.

AMS subject classifications: 35055

Key words: Nonlinear Schrédinger equations, potential, decay, scattering.

1 Introduction

In this paper, we consider the nonlinear Schrodinger equation with a potential:

{ 0+ Ayu+AlulP~lu=0,

u(h,x)=up(x), (1.1)

where u: [1,00) xRY - C,h >0, Ay =A—V,V:RY 5 R, A =41 and 1 < p < co. When
p=1+%,d>1and 1+ ;%;,d >3, the equation is called mass-critical and energy-critical
respectively. The equation is called mass-supercritical for d > 1 if p > 145 and energy-
subcritical for d >3 if p <1+ ﬁ. If A=—1, the equation is called defocusing; otherwise,
it is called focusing if A =1.

There are many important areas of application which motivate the study of nonlinear
Schrodinger equations with potentials (Gross-Pitaevskii equation). In the most funda-
mental level, it arises as a mean field limit model governing the interaction of a plenty
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large number of weakly interacting bosons [13,16,21]. In a macroscopic level, it arises as
the equation governing the evolution of the envelope of the electric field of a light pulse
propagating in a medium with defects, see for instance, [10, 11].

In this paper, we aim to prove scattering results for (1.1) as what has been done in
the case of nonlinear Schrodinger equations without potentials. More precisely, we will
show the scattering in the small data case for any 14 % <p<1l+ d472' d >3, which is sharp
concerning the result of Strauss [22].

The decay and scattering for small initial data have been studied for decades. When
V =0, it has been shown that ford>1, p=1+ % is the critical exponent for scattering. In
fact, for 1 +§ <p<l+ %, d>1, decay and scattering of the solution in the small data case
were proved by McKean and Shatah [17]. For 1—1—% <p<1l+ 11472/ d>3 and 1—1—% <p<
oo, d=1,2, local wellposedness and small data scattering were proved by Strauss [23], see
Visciglia [24] for further development and [3] for more reference. Moreover, Strauss [22]
showed when 1 <p<1 —|—§ for d>2 and 1< p <2 for d =1, the only scattering solution is
zero. This was extended to the case 1 < p <3 for d=1 by Barab [1]. The existence and the
form of the scattering operator were obtained by Ozawa [18] for d=1 and by Ginibre and
Ozawa [7] for d > 2. The completeness of the scattering operator and the decay estimate
were obtained by Hayashi and Naumkin [12]. For all solutions, not only for small ones,
for d=1 in defocusing case, the completeness of the scattering operator and decay were
obtained by Deift and Zhou [6].

When V #0, the situation is much more involved. In [4], Cuccagna, Georgiev and Vis-
ciglia proved decay and scattering for small initial data for p >3 in one dimension when
the potential V is a real Schwartz function with assumptions on its scattering matrix.

In the article, we will consider potentials satisfying the following assumptions:

Regular Potential Hypothesis
Suppose that V is a real-valued potential satisfying
() ()N (V(x)]4+]VV(x)|) € L*(RY), for some N > d;

(ii) the spectrum of —Ay is continuous, and 0 is neither a resonance nor an eigenvalue
of —Av;

(iii) (x)"V(x)isabounded operator from H” to H" for some a>d-+4, >0 with FVeLY;

Define ||f||z = || (x)* fll2+ | (x) V f|l2+ || f|| s2. Our main theorem is as follows which
extends the results of [4] to higher dimensions (d > 3).

Theorem 1.1. Suppose that V satisfies the Regular Potential Hypothesis and its Kato norm
satisfies

Vy)l 1
sgp/ —y|i2 dy < @) (1.2)

where c(d) is a constant in the estimate of the Bessel function of the third type and ¢(3) =27t.
Ford>3,1+2 <p<1+4-%5, A==%1, if the initial data ||uo ||y, is sufficiently small, then (1.1) is



