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Abstract. We present some applications of the geometry of Banach spaces in the ap-
proximation theory and in the theory of generalized inverses. We also give some new
results, on Orlicz sequence spaces, related to the fixed point theory. After a short in-
troduction, in Section 2 we consider the best approximation projection from a Banach
space X onto its non-empty subset and proximinality of the subspaces of order con-
tinuous elements in various classes of Köthe spaces. We present formulas for the dis-
tance to these subspaces of the elements exterior to them. In Section 3 we recall some
results and definitions concerning generalized inverses of operators (metric general-
ized inverses and Moore-Penrose generalized inverses). We also recall some results
on the perturbation analysis of generalized inverses in Banach spaces. The last part of
this section concerns generalized inverses of multivalued linear operators (their defini-
tions and representations). The last section starts with a formula for modulus of nearly
uniform smoothness of Orlicz sequence spaces ℓΦ equipped with the Amemiya-Orlicz
norm. From this result a criterion for nearly uniform smoothness of these spaces is de-
duced. A formula for the Domı́nguez-Benavides coefficient R(a,lΦ) is also presented,
whence a sufficient condition for the weak fixed point property of the space ℓΦ is ob-
tained.
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1 Introduction

The paper is divided into four sections. The first is an Introduction. In Section 2 some
applications of the geometry of Banach spaces to the approximation problems are pre-
sented. This section contains 9 subsections. The first two deal with the best approxima-
tion problems such as non-emptiness of PA(x), its uniqueness, proximinal subspaces as
well as formulas for the distance of any element of a Köthe space from its subspace of
order continuous elements. Subsection 2.3 recalls the necessary and sufficient conditions
for approximative compactness in arbitrary Banach spaces and some definitions of the
notions that are used further. Subsection 2.4 contains criteria for approximative compact-
ness and full rotundity of Musielak-Orlicz spaces. In Subsections 2.5 and 2.6 criteria for
approximative compactness of Orlicz and Orlicz-Lorentz spaces are presented, respec-
tively. Short Subsection 2.7 focuses on monotonicity properties of Banach lattices and
their relationships to the dominated best approximation problems. Subsection 2.8 deals
with the problem of proximinality in Calderón-Lozanovskiı̆ spaces Eϕ of some their sub-
spaces while in the last Subsection some interpretations of theorems from Subsection 2.8
in the class of Orlicz spaces are given.

Section 3 is devoted to the applications of geometry of Banach spaces to some prob-
lems in the theory of generalized inverses. At the beginning generalized inverses of linear
operators were constructed only in Hilbert spaces which have the best possible geomet-
ric properties (both rotundity and smoothness types). In order to generalize those results
to Banach spaces it was necessary to select these geometric properties of Banach spaces
which give also a possibility of constructing various generalized inverses in much more
general class of Banach spaces than their subclass of Hilbert spaces. Algorithms and per-
turbation analysis for some general inverses in Banach spaces with suitable geometric
properties are also presented.

In the last section some new results on the modulus of nearly uniform smoothness in
Orlicz sequence spaces equipped with the Amemiya-Orlicz norm and some its applica-
tion to the fixed point theory are presented. Some useful formulas for this modulus are
presented and their usefulness on some examples is illustrated.

Notions and definitions are established in any section separately; some of them are
even repeated for the convenience of the readers.


