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Abstract. In this paper, the following p(x)-Laplacian equation:
Ap(x)u+V(x)|u|P(x)*2u =Q(x)f(x,u), x€RN,

is studied. By applying an extension of Clark’s theorem, the existence of infinitely

many solutions as well as the structure of the set of critical points near the origin are

obtained.
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1 Introduction

The Clark theorem [2] is an important tool in critical point theory, which is constantly
and effectively applied to sublinear differential equations with symmetry. A variant of
the Clark Theorem was given by Heinz in [8].

Theorem 1.1. Let X be a Banach space, ® € Cl(X,IR). Assume that ® satisfies the (PS) condi-
tion, is even and bounded from below, and ®(0)=0. If for any k€N, there exists a k-dimensional
subsequence X* of X and py >0 such that supkaSpkq) <0, where S, ={u € X|||u|| =p}, then ®

has a sequence of critical values ci <0 satisfying cx — 0 as k — oo.

Theorem 1.1 asserts the existence of a sequence of critical values ¢ <0 satisfying cx—0
as k — oo, without giving any information on the structure of the set of critical points. A
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very interesting question arising from Theorem 1.1 is whether there are a sequence of
critical points u such that ®(uy) — 0 and ||ui|| — 0 as k — oo under the assumptions of
Theorem 1.1. In [11], the authors answered this question and gave the structure of the set
of critical points near the original in the abstract setting of Clark’s theorem. One of the
results is the following.

Theorem 1.2. Let X be a Banach space, ® € Ct (X,R). Assume that ® satisfies the (PS) condi-
tion, is even and bounded from below, and ®(0)=0. If for any k€N, there exists a k-dimensional
subsequence X* of X and py >0 such that SUPxins,, ® <0, where S, ={ucX|||u||=p}, then at

least one of the following conclusions holds.

(i) There exist a sequence of critical points uy satisfying ®(uy) <0 for all k and ||ux|| — 0 as
k— oo.

(ii) There exists r >0 such that for any 0 <a <r, there exists a critical point u such that |u||=a
and ®(u) =0.

In [11], the authors got some variants of Clark Theorem which were applied to indefi-
nite problems such as problems on periodic solutions of first order Hamiltonian systems.
And the Theorem 1.2 is applied to a p-Laplace equation on RV. i.e.,

{ —Apu+V(x)|uP2u=Q(x)f(x,u), xeRN, (1.1)

ue WLP(RN),
where p>1. Assuming

(al) there exists § >0, 1 < < p, C >0 such that f € C(RN x[-4,6],R), f is odd in u,
|f(x,u)| <Clu|""!, and lim,_oF(x,u)/|u|P = +co uniformly in some ball B,(x;) C
RN;

(a2) V,Q € C(RN,R!), V(x) > ap and 0 < Q(x) < By for some ag >0, Bp >0, and M =
Q7 Vi e LN (RV).

With conditions (al) and (a2), equation (1.1) has infinitely many solutions u; such that
HukHLw —0as k— o0.
In this paper, the following p(x)-Laplacian equation (p(x)>1) is considered:
—Ap(x)u—l—V(x) ]u\"’(")*zu:Q(x)f(x,u), xeRY, (12)
uc WhPE) (RN), '

where A, (,yu=div(|Vu[P®2Vu),p(x) e C(RN).

When p(x) = const., problem (1.2) is the equation (1.1), which was studied in [11].
The variable exponent Sobolev space W?(*)(Q) is a natural generalization of the classi-
cal Sobolev space WP(Q)). The variable exponent p(x)-Laplacian equations arise from
nonlinear elastic mechanics (see [15]) and electrorheological fluids(see [1,12]). And the



