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Abstract

In this paper, an explicit fully discrete three-level pseudo-spectral scheme with
almost unconditional stability for the Cahn—Hilliard equation is proposed. Stabil-
ity and convergence of the scheme are proved by Sobolev’s inequalities and the
bounded extensive method of the nonlinear function (B.N. Lul! (1995)). The
scheme possesses the almost same stable condition and convergent accuracy as the
Creak-Nicloson scheme but it is an explicit scheme. Thus the iterative method
to solve nonlinear algebraic system is avoided. Moreover, the linear stability of
the critical point ug is investigated and the linear dispersive relation is obtained.
Finally, the numerical results are supplied, which checks the theoretical results.
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1. Introduction

In this paper we consider a class of the nonlinear Cahn—Hilliard equation with
periodic initial-value problem:

ug = MA(p(u) — yAu), (z,t) € RxJ (1.1)
u(z,0) = ug(z), z €R (1.2)
u(z + 2w, t) = u(z,t). (x,t) e Rx J (1.3)

where M > 0 is the mobility (assumed to be a constant) and > 0 is a phenomena
logical constant modeling the effect of interfacial energy. The Laplace operator is

1
denoted by A, ¢(u) = ' (u), ¥(u) = Z(u2 — 3%)? is called the homogeneous free energy.

#(-) is the real function; ug(z) and u(z,t) are the given and unknown real functions
defined on R and R x J, 2n—periodic with respect to z, respectively. J = [0, T](T > 0).
R is the real line.

Theoretical results about the existence uniqueness and regularity for (1) can be
found in [1]. Numerical approximations of (1) based on the finite element method!?,
the finite difference method® have also been considered.

In this paper, we devote a three-level explicit pseudo—spectral with almost same
stable condition and same accuracy as Creak-Nicloson implicit scheme. We prove its
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convergence and stability by using the bounded extensive method of the nonlinear

function!®. Therefore we avoid quite difficult a priori estimates. We don’t need to

solve nonlinear algebraic system.
Throughout this paper, the ¢ will be used to indicate generic constants, dependent
of constant M, v, T, function ¢, ug, and so on.

2. The Pseudo—Spectral Scheme
We denote by (-,-) and || - || the inner product and the norm of L?(I) defined by

(u,v):/lu-ﬂdx, ul]? = (u,u)

where I = [0,27). Moreover, we define the Sobolev norm and seminorm:

u]? = 2 H -

The definition of periodical Sobolev space H(I) may be found in [4, 6-7].

|2

=550

1 .
\/Te””:, j =0,£1,£2,--- are an orthogonal Hilbert
7r
basis of L?,(I ). For any positive even integer N we set

N N
Sy = Span {Xj(*’f)‘_?S]S?—l}

and we denote by Py the orthogonal project of H,(I) upon Sy.

Let K be a positive integer and k = T'/K be the time—step length. The notation
u’y; is used to denote the approximation of uy at ¢t = nk.

We define the following difference quotients:

n+1 n—1 1
U'T]ift %; U7]7;f+2 — ;( n+1 +UR7 1).

Let h = 2w /N be the space-step length and z; = jh (0 < j < N). The discrete

inner product in the interval I is deﬁne by

The Fourier modes x;(z) =

(u,v)n = hZ u(z;)v(z;) ||U||h (u, u)p-

The approximation uf; to uy at t = nk given by the pseudo—spectral method is defined
by the equations:
1

+_
(U?V? X)h = M(¢(U7V)7 AX)h - M’Y(AU’ZI 2 ) AX)ha VX € SN? (21)
1
2 (Ul = ul, x)n = M($(uly), Ax)n = My(Aufy, Ax)n, VX € S, (2.2)
(uRs X)n = (w0, X)h, Vx € Su. (2.3)

Lemma 1.° For any f,g € C(I).

(Unf, INg)h = (INf,Ing) = (f,9)n,
where Iy is the interpolative operator defined by Inf € Sn and Iy f(xj) = f(z;).
Lemma 2.° Assume that v € H;(I), for any s > u > 0, then there exists a positive
constant c, independent of v and N, such that ||v — Inv|[, < cNF~%|vls.
Lemma 3.° Let 0 > 1 >0, for any v € Sy, then |v]|, < (N/2)°H|v|,, o > 1/2.
By lemma 1, we can obtain the following result:



