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A LEAP FROG FINITE DIFFERENCE SCHEME FOR A CLASSOF NONLINEAR SCHR�ODINGER EQUATIONS OF HIGHORDER�1)Wen-ping Zeng(Department of Mathemati
s, Overseas Chinese University, Quanzhou 362011, China)Abstra
tIn this paper, the periodi
 initial value problem for the following 
lass of non-linear S
hr�odinger equation of high orderi�u�t + (�1)m �m�xm�a(x)�mu�xm�+ �(x)q(juj2)u+ f(x; t)u = g(x; t)is 
onsidered. A leap-frog �nite di�eren
e s
heme is given, and 
onvergen
e andstability is proved. Finally, it is shown by a numeri
al example that numeri
alresult is 
oin
ident with theoreti
al result.Key words: High order nonlinear S
hr�odinger equation, Leap-Frog di�eren
e s
heme,Convergen
e. 1. Introdu
tionIt is well know that the nonlinear equations of S
hr�odinger type are of great impor-tan
e to physi
s and 
an be used to des
ribe extensive physi
al phenomena[1℄.In this paper,we will 
onsider the periodi
 initial value problem for the following
lass of nonlinear S
hr�odinger equation of high order:8>><>>: i�u�t + (�1)m �m�xm�a(x)�mu�xm�+ �(x)q(juj2)u+ f(x; t)u = g(x; t) (x; t) 2 R� Iujt=0 = u0(x) x 2 Ru(x+ L; t) = u(x; t) (x; t) 2 R� I (1.1)(1.2)(1.3)where i = p�1, R = (�1;+1), I = [0; T ℄, u � u(x; t) is an unknow 
omplex valuedfun
tion of x with period L, and u is a 
onjugate 
omplex fun
tion of u; f(x; t); g(x; t),a(x) and �(x) are all real-valued fun
tion x with periodL; u0(x) is given 
omplex-valuedfun
tion with period L; q(�) is a 
ontinuous real-valued fun
tion with real variable,and 
ompound fun
tion z ! q�(z) = q(jzj2) exist a 
ontinuous partial derivative toRez; Imz. Besides, suppose the following 
onditions are true:8<: 0 < m0 � a(x) �Mmax(x;t)2R�Ifj�(x)j; jf(x; t)jg =M1 (A)� Re
eived August 2, 1994.1)Supported by Fujian Natural S
ien
e Foundation.



134 W.P. ZENGwhere m0;M and M1 are all positive 
onstant.In the paper [2℄, there have dis
ussed initial Value problem of system su
h as (1.1){(1.3), introdu
ed a di�eren
e s
heme of 
onservation type, and resear
hed its stabilityand 
onvergen
e. Otherwise, it is an impli
it method and its di�eren
e s
heme is anonlinear system.In this paper, we introdu
e a leap-frog �nite di�eren
e s
heme for the periodi
 initialvalue problem (1.1){(1.3) of a 
lass of nonlinear S
hr�odinger equation of high order, itsdi�eren
e s
heme is expli
it, easily solved. Its 
onvergen
e and stability 
an be proved.Finally, it is shown by a numeri
al example that numeri
al result is 
oin
ident withtheoreti
al result.2. Establishment of the Di�eren
e S
hemeFirst we introdu
e some notations. Let QT = [0:L℄ � I be a re
tangular region,where I = [0; T ℄. We divide the domain QT into small grids by the parallel linesx = xj = jh, t = tn = nk (j = 0; 1; � � � ; J ; n = 0; 1; � � � ; N), where Jh = L, N = hTk i.Let Qh = f(x; t); x = jh, t = nk, j = 0; 1; � � � ; J ; n = 0; 1; � � � ; N). And Let �nj(j = 0; 1; � � � ; J ; n = 0; 1; � � � ; N) denote the dis
rete fun
tion on the grid point (xj; tn).De�ne �+�nj = �nj+1 � �nj ; ���nj = �nj � �nj�1Dt�nj = 12k (�n+1j � �n�1j ); Æ2m�nj = �m+ (aj�m2 �m��nj )h�2mwhere aj�m2 = a((j � m2 )h), �nj denote the dis
rete fun
tion value on the grid point(jh; nk).We also introdu
e the inner produ
t and norms appropriate to fun
tion de�ned onthe latti
e Qh, i.e (v; w) = (v; w)h = h JXj=1 v(xj)w(xj) 8v; w 2 
Jjjvjj2 = jjvjj2h = (v; v)h = (v; v)where CJ is a J-dimensionally 
omplex spa
e.Corresponding to (1.1){(1.3),we 
onstru
t following leap-frog �nite di�eren
e s
heme8>>>>>>><>>>>>>>:
iDt�nj + (�1)mÆ2m�nj + �jq(j�nj j2)�nj + fnj �nj = gnj(j = 1; 2; � � � ; J ;n = 1; 2; � � � ; N = ([T=k℄)�0j = U0(jh) (j = 1; 2; � � � ; J)�nrJ+j = �nj( j = 1; 2; � � � ; J ; r = �1;�2; � � �n = 0; 1; � � � ; N

(2.1)(2.2)(2.3)In di�eren
e s
heme (2), if �1j (j = 1; 2; � � � ; J) is given, it 
an be 
al
ulated level bylevel expli
itly. And �1j 
an 
al
ulate by the s
heme with same 
onvergen
e order ofthe s
heme (2), example 
onservation type di�eren
e s
heme in [2℄.


