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Abstract

The nonconforming finite element (two Crouzeix-Raviart linear elements and
Wilson element) approximations to the unilateral problem are considered. The
error bounds for these elements are obtained in the appropriate assumptions of
regularity of solution of the problem.
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1. Introduction

There have been numerous work in the analysis of finite element methods for the
unilateral problem (c.f.[4] and the references therein). It should be mentioned that in
F. Scarpini et. al.[6], L.Hlavacek et. al.’) and F. Brezzi et. al.m, the conforming linear
element approximation to the unilateral problem have been considered, and the various
error bounds have been obtained in the different assumption of regularity of solution
of the problem.

In this paper, we consider three nonconforming finite element (i.e. two Crouzrix-
Raviart linear elements and Wilson element) approximations to the unilateral problem,
and the error bounds for these elements are obtained in the appropriate assumptions
of regularity of solution of the problem.

The unilateral problem is the following

u=20 on Iy, (1.1)
u>0, du/dv >0, udu/dv =0, onl,

where (2 is a convex domain in R? with piecewise smooth boundary 92, 9Q = 'y U 'y,
I'yNTy =0 and Ju/0v is the outer normal derivative of u on I'y. It is well known that
the problem (1.1) is equivalent to the following variational inequality:

(1.2)

to find u € K, such that
a(u,v —u) > (f,o—u) YveK,
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where
K={veH'(Q)|v=0o0nTg,v>00n I'}, (1.3)
a(u,v) = /QVU -Vodz, (f,v) = /Qf vdz. (1.4)

the solution of the problem (1.2) will be approximated by the finite element method
with a regular subdivision. For each h > 0, let 7, be a regular subdivision of 2. For
the sake of simplisity, let 2 be a convex polygon, then Q = {J o7, 7. Let V} be a finite
element space of approximating the space H%O(Q) = {v e HY(Q)|v = 0 on I'y}, with

norm || - ||: X

lolln = (> f,)” Vo€V, (1.5)

TETH

and K} be a convex closed subset of V}, as an approximation of K. Then the approxi-
mate problem of the unilateral problem (1.2) is the following:

{ to find wuy € Ky, such that (1.6)
an(un, vn — un) > (fyvn —un)  vn € Kp, '
where

ap(up,vp) = Z VupVuydx. (1.7)

Te€T, T

We now show abstract error estimate
Theorem 1.1. Assume that u and uy are the solutions of the problems (1.2) and
(1.6) respectively, then

lu —uplli < C inf {|lu—wnllz +an(u,vn —un) = (f,on = un)}- (1.8)
v €Ky,
Proof. Using the triangle inequality
lu—unlln < [lu—=vnlln + llon = unlln, ¥V on € K.
And noting that uy is the solution of the problem (1.6),

th - uh”}% = ah(vh — Up, Vp — Uh)
= ap(vyp — u,vp —up) + ap(u — up, vy — up)

< |lvp, — ullp - lon — unlln + an(w, vy —up) — (f,on — up).

Summarizing the previous two inequalities, the theorem is proved.

2. Crouzeix-Raviart Linear Element Approximation(I)

For the Crouzeix-Raviart linear element approximation to the unilateral problem
(1.2), the subdivision 7y, is a triangulation, 7 € T}, triangle element,

Vi ={vn € L*(Q) : vp|, € Py(7), vy is continuous at the midpoints of edges of element



